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EXOTIC BAILEY-SLATER SPT-FUNCTIONS III: BAILEY PAIRS FROM GROUPS B, 

F, G, AND J 

CHRIS JENNINGS-SHAFFER 


Abstract. We continue to investigate spt-type functions that arise from Bailey pairs. In this third paper 
on the subject, we proceed to introduce additional spt-type functions. We prove simple Ramanujan type 
congruences for these functions which can be explained by a spt-crank-type function. The spt-crank-type 
functions are actually defined first, with the spt-type functions coming from setting z = 1 in the spt-crank- 
type functions. We find some of the spt-crank-type functions to have interesting representations as single 
series, some of which reduce to infinite products. Additionally we find dissections of the other spt-crank-type 
functions when 2 is a certain root of unity. Both methods are used to explain congruences for the spt-type 
functions. Our series formulas require Bailey’s Lemma and conjugate Bailey pairs. Our dissection formulas 
follow from Bailey’s Lemma and dissections of known ranks and cranks. 


1. Introduction 

We proceed with the study of spt-crank-type functions that the author began in m and continued in 
m- We begin with a brief introduction. We recall a partition of n is a non-increasing sequence of positive 
integers that sum to n. For example, the partitions of 4 are 4, 3-1-1, 2-1-2, 2 -|- 1 -I- 1, and 1 -I- 1 -F 1 -F 1. 
We have Andrews smallest parts function from [3], spt (n), as the weighted count on partitions given by 
counting a partition by the number of times the smallest part appears. From the partitions of 4 we see that 
spt (4) = 10. In this article we consider variations of the smallest parts functions. We use the standard 
product notation 

n—1 oo 

(^; <l)n = n 9)00 = Ilh - 

j=0 j=0 

(zi, ...,Zk; g)„ = (zi;q)„ ... (zt; q)„ , (zi, ■■.,Zk; q)^ = (zi;q)^ ... (zk; q)^ , 

[^;iloo = (^.9/^;9)00 > [zi,---,Zk; g]oo = [^1; 9 ]oo ■ • • [zk; g]oo • 

We recall that a pair of sequences (a, /3) is a Bailey pair relative to (a, q) if 


/3n = ^ 


Oik 


(9;9)„_fc iaq;q)n+k 


One may consult [2] for a history of Bailey pairs and Bailey’s Lemma. Motivated by the prototype spt-crank 
functions of [5] and |14] for partitions and overpartitions, we consider an spt-crank-type function to be a 
function of the form 


Pil) 


iz,z 


■E 

n=l 


{z,z ^;q)^q'^j3n, 


where P{q) is some product and /3 comes from a Bailey pair relative to (1,?). We consider an spt-type 
function to be the z = 1 case of an spt-crank-type function. That is, for a Bailey pair ,13^) relative to 
(1, g) we have the spt-crank-type and spt-type functions given by 


Sxiz,q) = 


Px{q) 


{z,z 


OO 

■E 

n=l 


{z,z ^■q)^q^p^ = 


OO 

E E 

n=l m— — oo 


Mx{m,n)z'^q^, 
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oo 


Sxiq) = Sxil.q) = W?"- 

n—1 

The author is in the process of studying interesting spt-crank-type and spt-type functions. This article 
introduces the last of the spt-crank-type and spt-type functions arising from Bailey pairs in [55] and m 
that possess simple linear congruences of the form sptjs^ {pn -|- &) = 0 (mod p), where p is an odd prime. In 
m the author introduced the spt-crank-type functions SAiiz,q), SA 3 iz,q), SA 5 iz,q), and SA 7 {z,q) which 
correspond to the Bailey pairs A{1), A(3), A(5), and A{7) of [26]. In [T^ Garvan and the author introduced 
the spt-crank-type functions Sciiz,q), Sc 5 (z,q), SE 2 {z,q), and SEA{z,q). These spt-type functions satisfy 
many linear congruences, in particular, spt^^ = spt ^3 (3n -|- 1) = spt ^2 = spt £;4 (3n -|- 1) = 0 
(mod 3), spt^g {bn -I- 1) = spt^g (5n -|- 4) = spt^^ (5n -|- 1) = spt(;;i (5n -|- 3) = spt (;^5 (5n -|- 3) = 0 (mod 5), 
and spt ^5 (7n -|- 1) = 0 (mod 7). Here we consider the Bailey pairs B(2), F(3), G(4), and the entry just 
above G(4) from [26] and J(l), J(2), and J(3) from [27] . 

We prove simple linear congruences for the sptj^ (n) by considering Sx{C,q), where is a root of unity. 
For t a positive integer we define 

Mx{k,t,n)= ^ Mx{m,n). 

m=k (mod t) 


We note that 


t-i 

sptjf (n) = ^ Mx{k, t, n). 
fe=0 


When Q is a root of unity, we have 


n—l 

The last equation is of great importance because if t is prime and Q is a primitive root of unity, then 
the minimal polynomial for is 1 + x + x'^ + ■ ■ ■ + Thus if the coefficient of q^ in Sx{Ct, q) is zero, 
then X]I=o AIx{k, t, N)(^^ is zero and so Mx{0, t, N) = Mx{l, t, N) = ■ ■ ■ = Mx{t — 1, t, N). But then we 
would have that sptj^ {N) = t ■ Mx{0,t, Af) and so if Mx{0,t,Al) is an integer then clearly sptj^ (N) = 0 
(mod t). That is to say, if the coefficient of q^ in Sx{Ct,q) is zero, then spt^ (N) = 0 (mod t). Thus not 
only do we have the congruence spt^ (iV) = 0 (mod t), but also the stronger combinatorial result that all 
of the Mx{r, t, N) are equal. 

In [18] the author found dissection formulas for the SAiiz,q) when z is the appropriate root of unity to 
establish the various congruences. In m Garvan and the author similarly found dissection formulas for 
the Sci{z,q) and SEi{z,q) when z is the appropriate root of unity. The main difference between these two 
papers is that the Sci{z,q) and SEi{z,q) could be expressed in terms of functions with known dissections, 
whereas the SAi{z,q) could not. Additionally in [15], we found interesting series representations for the 
Sci{z,q), SEi{z,q), and the SAi{z,q) that are valid for all values of z, rather than just a fixed root of unity. 
These series representations were a combination of single series representations that showed that some of the 
spt-crank-type functions could be written just in terms of infinite products, and double series representations 
that could be written as so called Hecke-Rogers type double sums. 

In the next section we define the new spt-crank-type and spt-type functions and state our main results, 
which are congruences for the various spt-type functions, single series representations for some of the spt- 
crank-type functions, and dissection formulas for the other spt-crank-type functions. 


Sx{({uq) = Y. 



2. Preliminaries and Statement of Results 

To begin we use the Bailey pair B{2) from [26] and J(l), T(2), and J(3) from [27]. Each of these is a 
Bailey pair relative to (1, q) and in all cases ao = /3o = 1- 

)G(1 


dB 2 


iqiq)r 


= 


1 

(_l)n^3(n= 


2 


if n = 0 
if n > 1 ’ 







/3 


J 2 

n 


(9;9)2„ ( 9 ; 9)„_i’ 


^ g" (g^;g")„_i 

(9;g)2„ (g; g)n-l’ 


a: 


J1 


a: 


J2 


a: 


J3 




(_l)fc-15—^ 


fe+1. 


fc-1. 


(- 1 ) 

(- 1 ) 

(_l)feq^(l + 53fe) 

(_l)fe+iq 2 *^ 


if n = 3fc — 1 

if n = 3fc 
if n = 3fc + 1 

if n = 3fc — 1 
if n = 3fc 
if n = 3fc + 1 

if n = 3fc — 1 
if n = 3fc 
if n = 3fe + 1 


We note these Bailey pairs from group J also appear as unlabeled Bailey pairs on page 467 of [26]. Addi¬ 
tionally, we use the following Bailey pairs relative to (1, g^), from [26] : 


pGi 

pAGA 

h'n 


(g,g^g^)„’ 

(-l)”g" 


(g^g'‘)„(-g;g^)„’ 

^—2n 

(g^g")„(-g;g^)„’ 


0^3 = 

11 11 n = u 

\ g" -t g-” if n > 1 ’ 


G 4 

f 1 

if n = 0 

= 

\ (-1)’^5"(’^-1)/2(1 +g") 

if n > 1 

.4G4 _ 

/1 

if n = 0 

“71 

\ (-l)"g"("-3)/2(l _pg3n) 

if n > 1 


The Bailey pair AG(4) is the entry just above G(4) in [55]. For each Bailey pair we define a two variable 
spt-crank-type series as follows, 


SB2{z,q) 

SF3iz,q) 

SG4{z,q) 

SAG4iz,q) 

Sji{z,q) 

Sj2{z,q) 

Sj 3 (z,q) 


(g;g)oc Y ^;g)„g"" 

(^>^"^g)oo^i (g;g)n 

(g;g)oo ^ (A^~^g")„g" 

(z,Z-l;g2)o„ (g;g) 2 n 

(^.^■^g^)oo (g^g‘‘)„(-g;g^)„ 

(g^g^)^(-g;g^)^ ^ (A.-^g^)„(-irg"^ 
iz,z-^;q^)^ (g^g^)„(-g;g^)„ 

(g;g)L f> (A^-^g).(g^;g^)._,g- 

(g^;g^)oo(^>^"^g)oo (g;g)2n-l (g;g)n 

(g;g)L ^ (A^-^g)„(g^g^)._,g" 

(g^;g^)oo(^>^"^g)oo (g;g)2„(g;g)n-i 

(g;g)L ^ (A^-^g)Jg^;g^)„_ig^" 

(g^; g^)oo (^> g)oo (g; g)2n (g; g)«-i 


While it is not true that J(l) = J(2) -|- J(3), because /3 q^ = 1, we do have = (3^^ +13^^ for n > 1 and 
so Sji{z,q) = Sj 2 {z,q) + Sj 3 {z,q). 

Next we define the corresponding spt-type functions. For B2, Jl, J2, and J3 we just set z = 1 and 
simplify the products, but for F3, G4, and AG4 we make some additional rearrangements. 

°° q2n 

SbM = (n),” = E 
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Sjliq) = sptji (n) g” = 

n—1 

oo 

Sj2{q) = Y (n) <?” = 

n—1 

oo 

Sjsiq) = W <?" = 

n—1 

oo 

Spsiq) = Y ®P*^"3 W 9 ” = 


Saiq) = Y ®P*G 4 (n) g” = 


SAG^iq) = Y ®P^G4 (n) g” = 


= V_ - _ 

(1 - (7")2 (g”+i; (g3"; qS)^ ’ 

( 9 ";'?)„+! (9^”; 9 ^) 00 ’ 

^2n 

(9";9)„+i ( 9 ^"; 9 ^) 00 ’ 

(l_g2n)2 (^2n+2.^2)^ 

^ _ g)oo 

(1 - g2n)2 (gn+1; (g2n+2. ^2)^ (^2„+2. ^2)^ ’ 

^ (-l)>”'+2n(_^2„+1.^2)^ 

(1 - q^-r {q^-+^;q^U, (9^"+^; 9^)oo (9^"+^ 9")oo 
_ ^ _ (-l)"g"'+2" _ (g"+^g)„ (-g^"+^g^), 

“ (1 - g2n)2 (g»+l. (g2n+2. (g4n+6. ^,4)^ ('q,2n+2. ^,2)^ 

_ (-!)>"' (-g""+^g^)^ _ 

(1 - (7^")2 (g2"+2; g2)^_^^ (g2n+2. ^2)^ (g4n+6. ^4)^ 

_ (-l)"g"' _ (g"+^g)„(-g""+^g"), 

(1 - g2n)2 (g»+l. (g2n+2. (g4n+6. ^,4)^ ('q,2n+2. ^,2)^ 


We recall that an overpartition is a partition in which a part may be overlined the first time it appears; 
overpartitions can be identified with partition pairs {^ 1 ,^ 2 ) where 7r2 is restricted to having distinct parts. For 
TT either a partition or an overpartition, we let s(7r) denote the smallest part of tt, spt{'K) denote the number 
of times s(7r) occurs, and #(7r) denote the number of parts of tt. For overpartitions we let a superscript n in 
these operators mean the restriction to the non-overlined parts and a superscript o mean the restriction to 
the overlined parts. For example, #°(7r) is the number of overlined parts of the overpartition tt and s"(7r) 
is the smallest non-overlined part. We can now give the combinatorial interpretation of the various spt-type 
functions. 

We see spt ^2 ij^) the number of partitions tt of n weighted by the number of times s(7r) appears past 
the first occurrence. From this interpretation we see that spt 32 (4^) = spt (n) — p{n). We see sptj^ (n) is 
the number of partitions tt of n weighted by the number of times s(7r) appears, where the allowed parts are 
those from s{'k) to 2s (tt) — 1 and those that are divisible by 3 and at least 3s (tt). We see sptj 2 {n) is the 
number of partitions tt of n where the parts are those from s(7r) to 2s(7r) and those that are divisible by 3 
and at least 3s(7r). Similarly sptj 3 (n) is the number of partitions tt of n where the smallest part appears at 
least twice and the parts are those from s(7r) to 2s (tt) and those that are divisible by 3 and at least 3s (tt). 

From the generating functions we see that sptj^ (n) = sptj 2 (n) -I- sptj 3 (n), as pointed out by the referee 
is it also not difficult to explain this combinatorially. Suppose we fix n and let Ji{n) denote the set of 
partitions counted by sptjj (n). We have Jl(n) is the set of partitions tt of n where no part tt^ satisfies 
2s(7r) < TTj < 3s(7r), and if a part tt^ > 3s(7r) then 3 divides tt^. Similarly J2(n) is the set of partitions tt of 
n where no part tt^ satisfies 2s(7r) < tt^ < 3s(7r), and if a part tt^ > 3s(7r) then 3 divides tt^. Lastly J3(n) is 
the set of partitions tt of n where s{'k) appears at least twice, no part tt^ satisfies 2s(7r) < < 3s(7r), and if 

a part > 3s (tt) then 3 divides tt^. Given a partition tt G J2(n), we obtain a partition of Jl(n) by taking 
the part 2s(7r) and writing it as s(7r) -|- s(7r), so the smallest part appears two more times for each time 
2s(7r) appeared; this function is clearly onto and is exactly -to-one. Given a partition tt G J3(n), 

we obtain a partition of <71 (n) in the same way, but now we miss the elements of Jl(n) whose smallest 
part appears exactly once and this function is j-to-one. Since ££d2i±ij _|_ ££MziiJ = spt(7r), we see 

spt ji (n) = spt j 2 {n) + spt j 3 (n) 
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For SFsiq)^ we first note that 

n 

+ 3 g 5 " + 49^- + 69®" + .... 

We let F3 denote the set of pairs (tti, 712 )-, where tti is a partition with spt^ni) odd and the parts that are at 
least 2s(7r) must even; and 7r2 is an overpartition where all non-overlined parts are even, s"(7r2) > 2s(7ri) + 2, 
and s°(7r2) > s(7ri) + 1. Then we see that spt ^3 (n) is the number of partition pairs (7ri,7r2) of n from F3, 
weighted by 

For Sc 4 {q), we first note that 

„n^+2n 

= g"("+2) _|_ 2g”(«+4) _|_ 3g"(ii+6) _|_ ^qn{n+8) _j__ 

(1 — 92")2 

We let G4 be the set of pairs (tti, 7r2) where tti is a partition such that spt{'Ki) > s(7ri) + 2, spt{TTi) + s(7ri) is 
even, parts larger than 2s(7ri) must be even, and parts larger than 4s(7ri) must be congruent to 2 (mod 4); 
and 7r2 is an overpartition with all non-overlined parts even, s"(7r2) > 2s(7ri) -|- 2, s°(7r2) > s(7r) -|- 1, and 
overlined parts that are at least 2s(7ri) -|- 1 are odd. For an overpartition tt, we let km{T^) denote the number 
of overlined parts of tt that less than 2m + 1. Then sptQ 4 (n) is the number of partition pairs of n from G4, 
weighted by (-l)«(’^i)+G(.i)G 2 ) 

For SAGiiq)^ 4ve first note that 

, , ,, = 9"(") 29”(”+2) -h 39"(”+‘‘) 49”(”+®) -h .... 

(1 — 

We let AG4, be the set of pairs (7ri,7r2) where tti is a partition such that spt{'Ki) > s(7ri), spt{'Ki) + s(7ri) is 
even, parts larger than 2s(7ri) must be even, and parts larger than 4s(7ri) must be congruent to 2 (mod 4); 
and 7r2 is an overpartition with all non-overlined parts even, s^{'K2) > 2s(7ri) -1- 2, s°(7r2) > s(7r) -|- 1, and 


overlined parts that are at least 2s(7ri) -|- 1 are odd. Then spt ^(34 (n) is the number of partition pairs of n 

from AG4, weighted by ( l)«(’^i)+G(.i)G 2 ) ^«pd^i)-A^)+2 j 
These functions satisfy the following congruences. 

Theorem 2.1. 


spt^3 (3n) = 0 

(mod 3), 

spt j 4 (3n -1- 2) = 0 

(mod 3), 

spt j 2 (3n) = 0 

(mod 3), 

spt j 3 (3n -1- 1) = 0 

(mod 3), 

sptg2 -1- 1) = 0 

(mod 5), 

sptg2 (5n -1- 4) = 0 

(mod 5), 

spt^3 (5n) = 0 

(mod 5), 

sptp 3 (5n -1- 4) = 0 

(mod 5), 

spt (34 (5n -1- 4) = 0 

(mod 5), 

sptAG4 + 4) = 0 

(mod 5), 

sptg2 (7n -|- 1) = 0 

(mod 7), 

sptg2 (7n -1- 5) = 0 

(mod 7), 

spt^3 (7n) = 0 

(mod 7), 

-|- 4) = 0 

(mod 7), 

sptp 3 (7n -1- 6) = 0 

(mod 7). 


That spt (3n + 2) = 0 is actually known. In Patkowski considered this smallest parts function 
and proved that spt (3n -|- 2) = 0. Although that proof is dependent on Bailey’s Lemma, the proof is 
not through a spt-crank-type function as we have here. Since spt 52 (’ 2 ) = spt (n) — p(n), the congruences 
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spt_B 2 (5^ + 4) = 0 (mod 5) and spt ^2 + 5) = 0 (mod 7) also follow from the fact that both spt (n) and 
p{n) satisfy these congruences. We use the spt-crank-type functions to prove the congruences of Theorem 
o as explained in the introduction. This will be as a corollary to the following two theorems. 

Theorem 2.2. 


(l + z){z,z ^,q;q)^Sji{z,q) 

^ (1 - - z^)z^-H-iy+^q^^{l - q^ - + qijs + q5j-2 _ 

~ 2^ 7i lari ’ (2-1) 


J=2 


(1 - g3j-3)(l - g3i) 


{l + z){z,z '^,q;q)^Sj2iz,q) 

^ (1 - z^-yil - z^z^-y-iy+^q^^il - q3-^ - q^^ + + g5i-3 _ ^6j-3) 

“ Z_^ 7i .-3i-3\/l im ’ (2-2) 


J=2 


(1 - g3j-3)(i _ g3i) 


(l + z)(z,z S'j 3 (^,<?) 

(1 - z^-i)(l - (-l)J+iq^^ (q^-i - qi - + q^i + ^4^-3 _ ^4i-i _ ^5j-3 ^5j-2) 


J=2 


(1 - q3j-3)(i _ q3j) 


(2.3) 


(l + z)(z,2; 5'F3(2,g) = X! (1“^'’ ^)(l-2;'’)z^ •’(-l)'^+^g('^ (2.4) 

3^-00 

oo 

(1+ z) (z,2;“^g2)^S'G4(^,(7) = ^ (1 - Z'^"^)(l - (2.5) 

j^-OO 

OO 

{1 +z){z,z~'^]q^)^SAGyz,q) = {I - z^-y{l - z^)z^-^q^^''+K (2.6) 


j = -oo 


Theorem 2.3. 


Sb 2 {C 5 , q) 

(^25.^25)^ [glO; ^25]^ 


= 1 - 


1 


[9®; joo 


^251 


+ (1 - Cs - C5)9^-y^5—2^ 

(9 ,9 ^)c 


- (_l)n^75n(n+l)/2 ^ {q^^; q^^) ^ 

2^ 1 _ „25n+5 ^ 


1-9 


[ 9 IO. 925 ] 


('„25.„25') r„5.„251 i 1 '|"„75n(n+l)/2 

+ (C 5 + C|) 9 ^^^^EHJt^ + (C 5 + C 5 V 77254 ^ E ^ 


[ 9 ^°; 9' 


251 


(^25;^25) 


OO ri.— — 


n— — oo 


^ _ g25n+10 


(2.7) 


SB2{C7,q) 

= C7 + C7-(C7 + C?) 




+ 9' 


[g7,9i4;949] 


[9^92^;9"®]oo 
;(9^^9^^). 


+ (~1 + C 7 + 
1 


°° (_l)"gl47n(n+l)/2 


+ (1 + C7" + C7')9'® 


(9^9; 9«) 


E 


(9^®;9^®)oo„E(^ l-g49„+7 

^_2^n^l47n(n+l)/2 


+ (C 7 + C 7 ) 9^ 7 - 747 - 457 ^ + (1 + C 7 + C 7 + C 7 + C7)9"^ 


[q^yq^\ 


OO r).— — c 


(g«;949)^ 


\ _ g49n+21 


5\^13 


~ (C 7 + C,7)q 


(9«;949) 


- (-l)"gi47"("+i)/2 6 ( 9 "®; 9 "®)^ [ 9 "; 9 '®] < 

/ > 1 _4Qn^l4 ^ 


OO rj —— c 


X _ g49n+14 


[ q ^ yq ^ yq ^\ 


, , ( 9 '®; 9 '®) ( 9 ®; 9®) 2 ( 9 '®; 9 '®) ( 9 ®; 9®) 

SF3{C3,q)=q °° +9 ^00 19,9; 


(9®;9®)c 


(9®;9®)L(9®;9®)L ’ 


( 2 . 8 ) 

(2.9) 


SF3{C5,q) 




























= <7- 


, 3 + C5 + CI [9'';9'°]oo 1 + 2C5 + 2CI 


[ q ^ O . q -. 


501 




-q 


[^5;^25]^[520.^50]c 


, 3 + C 5 + CI 2 ( 9 ''; 9 '") 00 [9"; 9''] 00 1 + 2C5 + 2CI r(9®°;9"°)oo[9";9'^°]c 

- 9 r_in. „ 2 fsi r_in. c 9 


5 " [gi0;q25 

+ (1 + Cs + C5)9' 

SipsiCr, q) 


[ q ^ O . q . 


(g25;g50)^ [^ 20 . 950 ] 


4. 3(9^^9-), 


[g20;g 


501 


( 2 . 10 ) 


i 8 + 9C7 + 3C| + 3Cf + 9C? 5 + 6 C 7 + 2 C 7 + 2 C 7 + ec® 


7 


-<7 


(9'^9®®)oo[9'^9®®]c 

2 + C7 - 2C? - 2Cf + Cf ^8 ( 9 ®®; 9®®)^ [ 9 "'; g®®]\ 


7 


(9^;9i^)c 


7 ^ (9^®;9®®)..[9^®;9®®]oo 

4 + 2 C 7 + 3(7 + 3 C 7 + 2Cf ( 9 ^®; 9^®)^ [ 9 ®^ 9®®], 


C7 - 2C? - 2C | + C7® ^(9"®; 9^®)^ [ 9 ®^ 9®®], 


7 


[9®®;9"®]c 


7 


[9^; 9 


491 




^3/1 I ^ I /-6\ vy ’y /oo Ly ’y Joo , ^ 5/1 , /^ , /-2 , ^5 , /-e 


+9 ( 1 +C 7 +C 7 ) 


[9®^9^®]oo[9®^9®®]c 


+ 9 (1 + C 7 + C 7 + C 7 + C 7 ) 


(9^®; 9^®)^ [9"; 9^®]^ 
[9^;94®]oo[9®®;9®®]oo 

(9^®;9^®)^ [9®®;9^®] 


[9®^9"®]oo[9"®;9®®]. 


( 2 . 11 ) 


<S'g4(C5,9) 


— ~(i + C 5 + C5)q 


4.„io(9^™;9®°®)^[9®°;9®°°]^ , ..„5 


[9®°;9®°]oo[9®;9®°°]c 


- (Cs + Cl)9® 


(9®°;9®°), 


(925; 950)^ [920; 950] 


- 9 


(9®°°;9®°°)^[9®°;9®°°], 


[^10; ^50 

-(C5 + C5')9' 
-S'aG4(C5,9) 


[ 9 ®®; 9 


1001 


- 9 


12 


( 9 i 00 ; 9 i 00 )^ [^ 10 . 9200 ]^ 

[9®°;9®°]oo[9®;9®°°]oo 


- 9 


(9®°;9®°), 


(9®®;9®°)oo[9®°;9®°] 


4. 8 (9^°°;9®°°)^[9®°;9®°°]. 

[920;^50]^[9l5;^100]^ 


( 2 . 12 ) 


2001 


= -Q 


10 


(9i00;9i00)^[^i0;9 
[9®°;9®°]oo[9®;9®°°]. 


- 9- 


(9i00;9i00)^[^70;9 


200 ] 


[^ 10 ; 950 ]^ [ 935 ; 9100 ]^ 


200 ] 


— (1 + Cs + C5)9® 


(9l00;9l00)^[^30.^: 
[^ 10 . 950 ]^ [^15; 9100 ]^ 


7 100 ioo\ r 10 : 


,2001 


[9®°;9®°]oo[9®;9®°°]c 


(- 100 1001 r 70 ; 

-(Cs + CsV^" 


200 ] 


(9'°°;9®°°)^[9®°;9®°°], 


[9®°;9®°]oo[9®®;9®®°]oo [9®°;9®°]oo[9®®;9i°°]oo ’ 

We note the identities of Theorenis l2.2l and l2.3l are inherently different. In Theoreni l2.3l we have an identity 
for z = Q, a. primitive root of unity and we have an explicit formula for each term of the I'-dissection. In 
Theorem 12.21 we have an identity for general but if we set z = Q, we are able to determine some but not 
necessary all of the terms in the ^-dissection. 

With these two Theorems we will show that the coefficients of the following terms are zero: in 

SpsiCs.q), 9®"“^® in 5'ji(C3,9), 9®” in 5'j2(C3,9), 9®"“^® in S'j3(C3,9), 9®”“®® in 5's2(C5,9), 9®”’^'® in 5's2(C5,9), 
g5" in Sp3iC5,q), 9®"+^ in ^F3(C5,9), 9®"+® in 5 g 4(C5,9), 9®"+® in ^ag 4(C5,9), 9^"+® in 5s2(C7,9), 9^"+® in 
<S'_b2(C7i 9)j 9®'" in Sp3{(7,q), g'^"+4 in S'f3(C7j9)i nnd g^"+® in Sp3{(7,q). As explained in the introduction, 
this gives the following corollary which also establishes the congruences of Theorem 12.11 


Corollary 2.4. For n > 0, 

Mp3(0, 3,3n) = Mp3(l, 3,3n) = Mp3(2, 3, 3n) = ^spt^g (3n), 
Mji(0,3,3n + 2) = Mji(l,3, 3n -I- 2) = Mji(2,3, 3n -I- 2) = ^sptjg (3n -|- 2), 

O 

Mj2(0, 3, 3n) = Mj 2(1, 3, 3n) = Mj2(2, 3,3n) = isptj 2 (3n), 
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Mj 3 ( 0 , 3, 3n + 1) = Mj 3 ( 1 , 3, 3n + 1) = Mj 3 ( 2 , 3, 3n + 1) = ^sptjg (3n + 1), 

Mb 2 ( 0 , 5, 5n + 1) = Mb 2 ( 1 , 5, 5n + 1) = Mb 2 ( 2 , 5, 5n + 1) = Mb 2 ( 3 , 5, 5n + 1) = Mb 2 ( 4 , 5, 5n + 1) 

= ■^sptB 2 (5n+ 1), 

Mb 2 { 0 , 5, 5n + 4) = Mb 2 ( 1 , 5, 5n + 4) = Mb 2 ( 2 , 5,5n + 4) = Mb 2 ( 3 , 5, 5n + 4) = Mb 2 ( 4 , 5, 5n + 4) 

= ^sptB2(5n + 4), 

Mb 3 ( 0 , 5, 5n) = Mb 3 ( 1 , 5,5n) = Mb 3 ( 2 , 5, 5n) = Mb 3 ( 3 , 5, 5n) = Mpsi'i, 5, 5n) 

= ■^sptB 3 (5n), 

Mb 3 ( 0 , 5, 5n + 4) = Mb 3 ( 1 , 5, 5n + 4) = Mb 3 ( 2 , 5, 5n + 4) = Mb 3 ( 3 , 5, 5n + 4) = Mb 3 ( 4 , 5, 5n + 4) 

= ■^sptB3(5n + 4), 

5 

Mg 4 ( 0 , 5, 5n + 4) = Mg 4 ( 1 , 5, 5n + 4) = Mg 4 ( 2 , 5, 5n + 4) = Mg 4 ( 3 , 5, 5n + 4) = Mg 4 ( 4 , 5, 5n + 4) 

= ■^sptG 4 (5n + 4), 

M^G 4 ( 0 , 5, 5n + 4) = M^g 4 ( 1 , 5, 5n + 4) = M^g 4 ( 2 , 5, 5n + 4) = M^g 4 ( 3 , 5, 5n + 4) = M^g 4 ( 4 , 5,5n + 4) 
= ^spt^G4 (5« + 4), 

Mb 2 ( 0 , 7, 7n + 1) = Mb 2 ( 1 , 7, 7n + 1) = Mb 2 ( 2 , 7, 7n + 1) = Mb 2 ( 3 , 7, 7n + 1) = Mb 2 ( 4 , 7, 7n + 1) 

= Mb 2 ( 5 , 7, 7n + 1) = Mb 2 ( 6 , 7, 7n + 1) = ^sptB 2 (7n + 1), 

Mb 2 ( 0 , 7, 7n + 5) = Mb 2 ( 1 , 7, 7n + 5) = Mb 2 ( 2 , 7, 7n + 5) = Mb 2 ( 3 , 7, 7n + 5) = Mb 2 ( 4 , 7, 7n + 5) 

= Mb 2 ( 5 , 7,7n + 5) = Mb 2 ( 6 , 7,7n + 5) = isptB 2 (7n + 5), 

MpsiO, 7, 7n) = Mb 3 ( 1 , 7, 7n) = Mpsi^, 7, 7n) = Mb 3 ( 3 , 7, 7n) = Mb 3 ( 4 , 7, 7n) 

= Mp 3 { 5 , 7, 7n) = Mp 3 { 6 , 7, 7n) = isptB 3 ('^’^) > 

Mb 3 ( 0 , 7, 7n + 4) = Mb 3 ( 1 , 7, 7n + 4) = Mb 3 ( 2 , 7, 7n + 4) = Mb 3 ( 3 , 7, 7n + 4) = Mb 3 ( 4 , 7, 7n + 4) 

= Mp 3 { 5 , 7, 7n + 4) = Mp 3 { 6 , 7, 7n + 4) = ySptB 3 (7n + 4), 

Mp 3 { 0 , 7, 7n + 6) = Mp 3 {l, 7, 7n + 6 ) = Mb 3 ( 2 , 7, 7n + 6) = Mp 3 { 3 , 7, 7n + 6) = Mps^A, 7, 7n + 6) 

= Mp 3 { 5 , 7, 7n + 6 ) = Mp 3 { 6 , 7, 7n + 6 ) = ySptB 3 (7n + 6 ). 

We note ( 12 . 11 ) follows from adding ( 12 . 21 ) and (12.31) . Theorem 12.21 also lets us easily deduce the following 
product identities for Sp 3 {z,q), Sa 4 iz,q), and S'. 4 G 4 (^,<?)■ 

Corollary 2.5. 


Sp3{z,q) 

SG4{z,q) 


{zq,z-^q,q'^;q^)^ {q;q)^ 

{z,z-\q;q^)^ (z,z-i;q 2 )^’ 

z{-z-^q,-zq^,q‘^-q^)^ {-zq,-z-^q^,q‘^]q'^) ^ 

(l + z)(z,z-i;g2)^ + (l + z)(z,z-i;g2)^ 

z {-zq,-z-^q^,q-^;q'^)^ {-z-^q,-zq^,q‘^;q^)^ 


(g';g')oo 

(g";g")oo 


-5'41G4(2:, g) 


(1 + z) (z,z-i;g2)^ 


(l + z)(z,z-i;g2)^ 










These follow by rearranging the series in Theorem 12.21 and applying the Jacobi triple product identity. 
For example, 


{l + z){z,z ^,q-,q'^)^SF3{z,q) = ^ {I - z^ ^){l-z^)z^ 

j^-OO 

oo oo 

= ^ {z^~^ + — (1 + z) ^ (— 


= ^ {z^ ^ + z^){—iy~^^q^^ — (1 + z) 


(g;g)oo 


= (1 + z) ^2 zy—iyq^ — (1 + z) 


= {l + z){zq,z ^q,q^-,q^)^ - {y + z) 


(g;g)L 

(g";g")c 

(g; g) 


(g^;g^)oo' 


The identities for Sc 4 iz,q) and SAG 4 iz,q) are similar. 


We summarize the results of this article in the following table: 


Bailey pair 
X 

linear congruence 
mod p 

single series 
identity for Sx{z, q) 

product 

identity for Sx{z,q) 

dissection 

identity for Sx{Cp,q) 

B2 

p = 5,7 

No 

No 

Yes 

F3 

p = 3,5,7 

Yes 

Yes 

Yes 

G4 

p = 5 

Yes 

Yes 

Yes 

24G4 

p = 5 

Yes 

Yes 

Yes 

J1 

p = 3 

Yes 

No 

No 

J2 

p = 3 

Yes 

No 

No 

J3 

p = 3 

Yes 

No 

No 


In Section 3 we prove the series identities in Theorem l2.2l In Section 4 we prove the dissections for S'_b 2(C5) g) 
and 5'B2(C7)g)- In Section 5 we prove the dissections for 5'F3(C3)g)) SF 3 {( 5 ,q), and SFsiCrtq)- In Section 
6 we sketch a proof that is independent of Theorem 12.21 for the dissections for S'^G4(C5)g) and 5'AG4(C7ig)- 
In Section 7 we use Theorems 12.21 and 12.31 to prove Corollary 12.41 In Section 8 we give some concluding 
remarks, in particular we discuss some additional Bailey pairs from [26] whose spt-crank-type functions 
reduce to previous functions after a change of variables. 


3. Proof of Series Identities 

The proof of these identities is to verify that the coefficients of each power of z on the left hand side and 
right hand side agree. This depends on a identity of Garvan from m to determine the coefficients of the 
powers of z in the left hand side of the identities in Theorem l2.2l and a variant of Bailey’s lemma applied to 
one of two general Bailey pairs to transform the coefficients of the powers of z. The following is Proposition 
4.1 of [m. 


(l + z)(z,z-i;g)^ (^-iy+yi-q2j-y,,q^+i 

(g;g)2n (g;g)„+j(g;g)„_j+i 


(3.1) 


We recall a limiting case of Bailey’s Lemma [8] gives that if {a, (3) is a Bailey pair relative to (a, q) then 


X! (di>P2;g), 


n—0 


aq 

PlP2 


Pn 


{aq/Pi,aq/P 2 ]q)^ (Pd P 2 ; g)„ ) an 

{aq, aq/{pip 2 ); q)^ ^ {aq/pi,aq/P 2 ; g)„ 
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For one of the variants of Bailey’s Lemma, we need the conjugate Bailey pair in the following lemma. We 
recall that a pair of sequences {S, 7 ) is a conjugate Bailey pair relative to (a, q) if 

00 ^ 

-y _ 

‘^h+n 

Different conjugate Bailey pairs give rise to different variants of Bailey’s Lemma because Bailey’s Transform 
states that if (a, /3) is a Bailey pair relative to (a, q) and {d, 7 ) is a conjugate Bailey pair relative to (a, q) 
then 




Q^nTn- 


n—0 


n—0 


Lemma 3.1. The following is a conjugate Bailey pair relative to {a,q), 

Si = (^zy/aq~^,z~^y/aq~^;q'^^q'^, 

g” [z^/aq~^ ,z~^y/aq~^\q] (1 — (z + z“^)y/ag’^+^ + ag^”) 

V / 00 


7n = 


(<?,a'?;g)oo (1 - 0(1 - 2 )(1 - z-i^g "+2 ) 

With z = uj, a primitive third root of unity, and a ^ q this conjugate Bailey pair becomes 


5l = 


(aig-i;g3) 

\ / 7 


In = 


q'^{aiq 0?^) (1 “ 2 )(1 — + y/^g”+2 + 

("g, ag, y/aq~i ; g') (1 — a^g^”“0(l ~ aig^”+0 

V / 00 


Proof. We are to show that 

g” (zy/aq~i,z~^y/aq~i;q) (1 - (z + z~^)^/aq'^+i + aq^'^) 

_V_/ 00 _ 

(g, ag;g)^ (1 - Zyffiq^-^){1 - Zv^g"+5)(1 - z-iv^g”-5)(l - z-^^q^+h) 
[zy/Eq-i,z-^y/aq-^\(^ q^ 


= E 

j^n 


(g; g)j_„ (ag; g) 


j+n 


Other than elementary rearrangements, we only need Heine’s Transformation, which can be found as Corol¬ 
lary 2.3 in [1]. We recall Heine’s Transformation is 


2</>l 


a, b 
c 


{c/b, bz-q)^ 

1 Q.1 ^ ! / \ 2 

{c,z\q)^ 




We have 

00 (^ Zy / aq ~^, z ~^ y / aq ~^-,(^ q ^ 

j=n 


(g; g),_„ (ag;g) 


j+n 


= E 


{z^/aq i,z ^y/aq Og) gl'*'"' 

V / j-\-n 


j=0 


(g;g),- (ag; g),- 


j+2n 


g" (zOag“0-z“^'/ag"^;g) °° (z^ag" Oz ^Oag" =;g)^. g-^ 


(g;g), (ag2"+^;g), 


(ag;g) 2 n 

g" ^Z\/ag “0 g) 

(ag;g) 2 n 

g" (^zy/aq~^, z~^y/aq~i ] q'j ^z0ag"+5, ^“^\/ag"+0 g) 


■E 

f =0 

■ 2 <;^’i 


Zyfaq'^ 2 , z ^ y/aq^ 2 

^g2n+i ; g, g 


(ag2”+i,g;g) 


2 <^l 


00 
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,-l ^-1 


-1 ^ n+i ’ 2yag 2 


(ag; g) 2 n 















□ 


(ag,g;g)^(l-zV^g"-5)(l-zV^g”+^)(l-z-iv^g-5) 1^ ^ (1 - (7)(1 - z-iVSg"+5) 

9" (^z^/aq~i ,z~^^/aq~i ; ^1 - (z + z~^)y/aq'^~^i + aq^'^^ 

(09,9; 9)00 (1 “ 2:\/ag”“5)(l - z^g”+5)(l - z“iyag”“5)(l - z-iy^g’^+^) 


Lemma 3.2. If {a, P) is a Bailey pair relative to {a,q) then 




n—0 


£(v^;g)„(-ir 


a'^q 


{aq; q) 


00 n =0 


(1 - Tag") 


n =0 


(«9;9)oo 

(^zVag"5,2;-l^g-^;g^ 


E(-i)' 


a 2 g 2 an, 


(3.2) 

(3.3) 


n =0 


( 9 , 09 ; q)c 


■E 

n =0 


(1 —(z + z ^)-v/ag”+2 + ag^")g"'a 


(1 - z^g"-^)(l - zyag”+5)(l - z-^y/aq^-i){l - z-^y/aq'^+^)'' 


(3.4) 


00 

1 ^ 
(^z^/aq-i,z-^y/aq~i■,q^ 


n—0 


{q,aq', q)c 


■E 

n =0 


(1 - g)g2"a„ 


(1 - zy/aq^-^){l - zyag”+5)(l - z-i^ag"-^))! - z-^y/aq'^+i)'' 


(3.5) 


E- 

n =0 


(aig i;g3)^g"/3„ (aigi;g3)^ “ (1 _ ^^n+i 


E 


E 

n =0 


(v^g-^;g)^ (< 7 , ag, V^g-5; g) ^ „=o (l-a2g3" 2 )(l _ g3"+i) 

(aig-i;g3)^g2-/3„ (aig-i;g3)^ ^ (1 - g)(l - ySg"-i)(l - ySg"+^)g2"a„ 


E' 


(^y/aq 2 ;g^ ^q,aq,y/aq 2 ; g^ „^o (l-a2g3" 2 )(1 - 02 g3"+2) 


//(a,/3) is a Bailey pair relative to {a,q^) then 


\^(-/7iTf\ n^R - (l + v^)g"a„ 

2 ^ ( y°‘^q)2n^ /'„„2 „2'i 


n =0 


(a9^9;9^)oo^o (I + VS9'”) 


(3.6) 

(3.7) 

(3.8) 


Proof. Equation (13.21) follows from Bailey’s Lemma by letting pi = y/a and p 2 ^ 00 . Equation (13.31) follows 
from Bailey’s Lemma by letting pi = y/aq and p 2 ^ 00 . Equation (13.81) follows from Bailey’s Lemma by 
letting g I—>■ g^, Pi = —y/a, and p 2 = —qy/a. Equations (13.41) and (13.61) are Bailey’s Transform with the 
conjugate Bailey pairs of Lemma l3.II Equation (13.51) follows from Bailey’s Lemma by letting pi = zy/aq~^ 
and P 2 = z~^y/aq~^. Lastly, equation (13.71) follows by letting z = w, a primitive third root of unity, in 

(1331) . □ 


We use the following Bailey pairs relative to (a, g), 

1 


PUa,q) = 


(ag,g;g). 


a* (a, 9 ) = 


1 n = 0 

0 n > 1 ’ 


(3.9) 























P*nia,q) = 


{aq^,q\q)n 


1 n = 0 
a„^{a,q) = ■( —aq n=l 


(3.10) 


0 


n> 2 


That these are Bailey pairs relative to (a, q) follows immediately from the definition of a Bailey pair. 


Proof of By (13.111 we have that 

(l+2)(*,* h)^Sj2(8.<) = 2^ - 


oo n=l 
2 CXD 


(g;g)2„ (9;9)n-i 




(9^;9^)oo^i (9;9)n-i 


j^-n 


(g; 9)„+j (?; 9)„_j+i 


We note the coefficients of z ^ and are then the same in (1 + z) (z, z <z)j^ Sj 2 {z, q), so we need only 
determine the coefficients of z-’ for j > 1. For j > 2 we see the coefficient of z-’ in (1 + z) (z, z“^; S'j 2 (z, g) 

is given by 


(g;g)c 

(g3;q3) 


j(j-3) 


E 




(g; g)„-i (g; <i)n+j (g; g)n-j+i 


+ 1 


j(j-i) 


(g;g)L g i'?';-2 (-ip+'d - g2^-dg"+^ 


(gdgd 


oo n=0 


(g; g)„+j_2 (g; g)„+2j-l (g; g)r 


(g;g)L (gdg^),-_2 (1 - g^^-dg^ ^ (g^^-dg^),g- 

(n3~^ ■ t 


(gdg^)oo (g;g)i-2 (g;g)2j-i ^ g)„ (g^d g)„ (g; g)„ 

(g; g)L (-1)^+' (gd g^),_2 (1 - g"^-dg^ g ^-3; g3)„ g) 

n=0 


(gdg^)oo (g;g)j-2 (g;g)2i-i 


(g^ ^g)r 


We now apply (13.6|) so that the coefficient of z-’ in (1 + z) (z, z (z)^^ Sj 2 {z, q) is given by 

(g; g)L (g^;g^)j-2 d - g^^“dg^^ (g^^"^; g^)^ (i - g^"d(i - gd(i + g^ + g^^"d 

(gdgdoo (g;g),-2 (g;g)2,-i (g,g^^g^-^g)oo (i - g"^-d(i - g^d 
^ (-i)^+^(i - g"^-dg^(i - g"~d(i - gd(i + g"'+g""~d 

(g;g).o(i-g'^-")(i-g"d 
^ (-l)^+^(l - + q^ + q^^-y 

(g; g)oo (1 - wg-J-i)(l - a;-igJ-i)(l - wgJ)(l - w-igl) ‘ 

The calculations are similar for the coefficient of z, except that we use dSH). In particular, we have that the 
coefficient of z in (1 + z) (z, z~^;q)^ Sj 2 {z, q) is given by 

(g;g)L (gdgd„-igdi-g) 

(gd gdoo “1 (g; g)n-i (g; g)n+i (g; g)n 
(g;g)L ^ K^-^g;g)„_igdi-g) 

(gdgdoo^i (g;g)n+i (g;g)n 

(g;g)L V ("^g’"^~'g’g)n-ig"d-g) (g;g)L 

(gdgdoo^o (g;g)n+i (g;g)n 3(g3;g3)^ 

^_ (g;g)L _^ (^,^~dg)„g" _ (g;g)L 

(gd gdoo (1 - w)(l - W-l) (g2; (q; q)^ 3 (g3; g3)^ 
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_ (^1 ?)oo _ \ ' ( -1. \ n o* / \ _ (^1 g)oo 

,g)„g /3„(g,g) 3(^3.^3)^ 


('?;'?)L ^' 7)00 (1 + 29 ) 


(9;<7)c 


( 9 ^; 9^)00 (9^ g; 9)00 (1 - - w-3)2(l - a;( 7 )(l - uj-^q) 3 {q^; q^)^ 


il-q)il + 2q) 


(9;9)c 


{q; q)^ (1 - w)(l - a;-i)(l - u;q){l - u;-^q) 3 {q^; q^)^ ' 


Thus, 


(1 + z) {z,z ^;q)^Sj 2 {z,q) 


00 

(1 + z) (g;g)^ 1 ^ (z^ +zi-^)(-l)J+ig^(l-g^^-i)(l + g^ +g2^-i) 

3 ( 9 ^; 9^)00 ( 9 ; 9 ) 00 ,^ (l-w(ZJ-i)(l-a;-igJ-i)(l-a;g^)(l-w-i(ZJ) 

Here setting z = 1 yields 

1 (g;g)L 1 (-iV+ig^(i-g^^-i)(i + g^+g^^-^) 

3 (g3; g3)^ (g; g)^ (1 - wgJ-i)(l - w-igJ-i)(l - wgJ)(l - w-igJ) ’ 

so in fact 

(1 + z) {z, Z~^] g)^ Sj 2 {z, g) 


jQ'-i) 


1 ^ (1 - z^)il - z^-^)z^-^ {-ly+^q^^^ {1 - q‘^^-^){l + q^ + 


■E 


( 9 ;' 7 ) 00 '^ (l-wgJ ^)(l-w 3gJ i)(l-a;gJ)(l - w ig^) 


1 ^ (l-z^)(l-zJ-i)zi-J(-lV+ig^V^(l-g2j-i)(l + gJ+g27-i) 


■E 


( 9 ; 9)00 (l-wgJ ^)(l-w 3gJ 3)(1-a;gJ)(l - w ig^) 

J—^ 


1 ^ (1 - z^)(l - z^-^z^-y-iy+^q^^ {1 - q^^-yil + q^ + g2^"^)(l - g^”^)(l - q^) 


■E 


(9; 9)00 ^ 


(1 - g3j-3){l - g37) 


1 'A (1 - 2^')(1 - - g^-1 - q^^ + q^^-^ + g®^-^ - g®^-^) 


■E 


(9; 9)00 ^ 


(1 - g 37 - 3 )(l - g 3 i) 


□ 


Proof of i2.3\) . By p.ll) we have that 

. , . fg-g)^ “ (g3;g3) ^^"(l + z) (z, z”!; g) 




n=l 
2 CXD 


(9;9)2„ (9;9)„_i 


(9;9)L ^ (9^9")„_i 9'" (_i)j+i(i_g2,-i)^,^M+i 


( 9 ^; 9^)00 (9;9)„_i 


(9; 9 )„+j (9; 9)„_J+1 


We note the coefficients of z ^ and z-^+i are then the same in (1 + z) (z, z ^',q)^ Sj 3 {z, g), so we need only 
determine the coefficients of z^ for j > 1. The proof is now the same as it was for Sj 2 {z,q), except that we 
use dSIl). For j >2 we see the coefficient of z^ in (1 + z) (z, z ^',q)^ Sj 3 {z, g) is given by 


( 9 : 9 ) 


2 CXD 


(93;g3)^ 


■ E 

n=j-l 


(g3;g^)„_^ (-IF+HI - g^^-i)g^"+^+3 
(9;9)„_1 (9;9)„+j (9;9)„_J+1 


(9;9)L (9^9^)„+,_2(-lP+Hl-9^^-^)9^'‘+^-^ 


(g 3 ;g 3 ) 


E 


00 n=0 


( 9 ; q)n+j-2 ( 9 ; 9)„+2j_1 ( 9 ; 9 ), 
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te<7)L (1 - 


( 9 ^; 9^)00 ('?;«),-2 ( 9 ; 9 ) 2 ,-! 


2j- 

(9;9)L (-1V+' (9^9"),_2 (1 - ^ (9^^-^9^)„rt(9^^-\9) 


E 

n=0 


( 9 ^^' ^9^)„9' 


2 n 


(9^"^9)„(9^^;9)„(9;9)„ 


(9^; 9^)00 (9;9),_2 (9;9)2,- 


E 


j-2\HT'iJ2j-l n=0 

- -1 


(9^-^9). 


_ (9;9)oo (-1V^M9^;9 ^)j_2 (1 - 9^^ ^)9 " ^9^^ 9^)^ (1 - 9)(1 - 9^' ^)(1 - 9^') 

^ (9^; 9^)00 (9;9),_2 ( 9 ; 9 ) 2 ,-! (9,9"^9^-^9)oo (1 - g3j-3)(l _ 53 ,) 

^ (-ly+Hi - 9^^-^)(i - 9)(i - 9^-^)(i - 9 ^) 9 ^-^ 

(9;9)oo(1-93^-3)(1-93^) 

(-lp+i(l-9^^-i)(l-9)9^-i 

( 9 ; 9)00 (1 - w9J-i)(l -a;-i9-J-i)(l - W9^)(l - W9-J-1)' 

The calculations are similar for the coefficient of z, but we use (13.5|) . In particular, we have that the coefficient 
of z in (1 + z) (z, z“^ 9 )^ 5 'j 3 (z, 9 ) is given by 




(9^9^)„i9^”(l-9) 


(9;9)c 

( 9 ^; 9^)00 ( 9 ; 9)„-i ( 9 ; 9)„+i ( 9 ; 9)r 


( 9 : 9 ) 


2 00 


( 93 ; 9^) 

( 9 ; 9 ) 


( 93 ; 9^^ 


E 

n=l 
00 

■E 

n—O 

( 9 ; 9)c 


(w9,a; ^q;q)^_^q'^^{l-q) 


( 9 ; 9)„+i ( 9 ; 9)r 


00 V'^’'^/n+l Oil y^n 

2 - (w9,w-i9;9)„_i9""(l-9) (9(9) 


(9;9)„+i ( 9 ; 9)„ 


3(93;93) 


vttS 




(9^;9^)oo(l-‘^)(l-w"^) (9^9)„(9;9)„ 3 ( 93 ; 93 )^ 

. 3 S', —- nr E 9)„ 9^”/3;^(9, 9 ) - 

(9,9^)oo(l-‘^)(l-^ 3(93;g3)^ 


(9;9)L ^9)o„(1-9) 


(9(9) 


(9^; 9^)00 ( 9 , 9^; 9)00 (1 - w)"(l - - W9)(l - CU-I 9 ) 3 ( 93 ; 9^), 

_ ( 1 - 9 )^ _ (9;9)L 

( 9 ; 9)00 (1 - ^)(1 - ^-^)(1 - ^ 9)(1 - ^-^ 9 ) 3 ( 93 ; 9^)^ ■ 


Thus, 


(1 + z) (z,z ^■,q)^Sj 3 {z,q) 
(1 + z) (9;9)L , 1 


1 ^ (z^ +zi-^)(-lV+i9^^-i(l-92^-i)(l-9) 

“ 3 (9^; 9^)00 ^ ( 9 ; 9 ) 00 ^ (l-w9^-i)(l-a;-i9^-^)(l-w9^)(l-w-V^)' 

Here setting z = 1 yields 

1 (9;9)L 1 ^ (-ip^9^-^(l-9^^-^)(l-9) 

3 (9^; 9^)00 ( 9 ; 9)00 (1 - W9^-^)(l - o.-i9^-i)(l - W9^)(l - c^- 19 ^) ’ 

SO in fact 

(1 + z) (z, z"\ 9 ; 9 )^ Sj 3 {z, 9 ) 


= E 

f=i 


(1 - z^)(l - zJ-^)z^-^'(-lV+^ 9 '^'^ 2 * ' (1 - g2j-i)(i _ q) 

(1 — ujq3~^){l — — ujq3){l — 
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oo 




oo 


= E 


(1 - z^){l - -q- - q^+^ + g3j-2 _ g4j-2 _ ^sj 

(1 - g34-3)(l - q^y 

(1 - z^)(l - z^-yz^-y-iy+'^q^‘^{q^-^ - qi - + q^3 + ^4^-3 _ ^4i-i _ ^5j-3 ^5j-2) 

(1 - g34-3)(l _ q,3j) 


□ 


Proof of i3.4P - By (13.11) we have that 

OO 

(1 + z) (z, z-^; q^)^ Sf3(z, q) = (g; g)oo E 

n—1 
oo 

= ( 9 ; 9)00 E 


jl + z) {z,z-^;q^)^q^ 
(9;9)2« 

(1 + z) (z,z-i; 92 )^g"(g; 


n=l 

00 


(q2;g2) 


2n 


_ , , ^ (_l)J + l(l_g4,-2)^j^jO-3)+2 

(9j9)ooE^ ( 9: 9)271 E fo2.„2'j (a2.„2') 

n=l , = -n ® ''"+4 > 9 + l 


We note the coefhcients of z ^ and z^~^^ are then the same in (1 + z) (z, z Spaiz, q), so we need only 

determine the coefficients of z^ for j > 1. This time we will use (13.81) . For j > 2, the coefficient of z^ in 
(1 + z) (z, z”^; 9 ^)^ Spsiz, q) is given by 

9 " (- 9 ; 9)277 (-1)'+'(1 - g44-2)^h4-3)+2 


( 9 ; 9)00 E 


n=j-l 


{q^-,q^)n+jiq^'^q^)n-j+i 


=( 7 ; ?)„ (-!)'«(! - f; fyy 

^ (92;9^)77+2j-i ( 9 ^; 9 ^) 7 , 

_ ( 9 ) 9)00 (-l)^^^(l - {-q;q)2j-2 ^ 9" (-9^^”^9)g 


(9^9^)2,-i 


■E 


(9'^^';9^),7(9^;9^)77 


(9;9)oo(-l)^+Hl-9^^-^)9^^-^)^-9;9)2,-2 y> 77. 2,-1 «*(„4,-2 27 

{r,2.n2\ V ^ ) 

KH )2j-l 

(9; 9)00 (-i)^+Hi - (-9;9)2,-2 (-9^^;9)^ 

_ (-l)^+i(l - g2j-i)g0-i)" 

(9; 9^)00 

The calculations for the coefficient of z are similar and we still use (13.8|) . In particular, the coefficient of z 
in (1 + z) (z, z"^ q^)^ Spaiz, q) is given by 


( 9 ; 9)00 E 


9" (- 9 ; 9)277 (1 - 9 ") _ 7 . 7 9” (- 9 ; 9)277 


= ( 9 ; 9)00 E 


(9^;9^)77+!(9^;9^)77 


- ( 9 ; 9)c 


= ( 9 ; 9)00 E 9 ” (- 9 ; 9)277 /5n(9^ 9 ^) - ( 9 ; 9)c 


n=0 


(9)9)00 (-9^9), 
(9^9)9^)oo 
(1-9) 


( 9 ) 9 ^) 00 ’ 


Thus 


(l + z)(z,z \g)(?^)^5'F3(2^,<?) 
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= -(1 + z) (g; q)^ (g; g^)^ + ^(z^' + 

i=i 

CXD CXD 

= -(1 + z) (g; g)^ (g; g^)^ + ^(z^' + + ^(z^' + zi-^)(-l)^+ig^" 

i=i i=i 

CXD 

= -(1 + ^) (9; 9)00 (9; 9^)00+ E (^^ +zl-^)(-l)^■+lg(^-l)^ 

However, we have by Gauss that 


J = -OC 


(9:9)00 (9:9^)= E (-1)^9^"= E (-i)^’^^ 9 ^^ 

j — — CO j — — oo 

We then have that 

CXD 

(l + z)(z,z-\g;g2)^5;^3(^,9)= E {z^ + - 1 - zy-iy+^q^^-^^^ 

j^-OO 

CXD 

= (1 — Z'^“^)(l — Z'^)z^“'^(— 

j=-oo 

Proof of i2.5\} . By (13.11) we have that 

(9^;9^)00 (1 + ^) 9")„ (-i)"g"'+^" 


□ 


(l + z)(z,z ^■q'^)^SGi{z,q) = 


( 9 ; 9^)0 


E' 


(- 9 ; 9^)„(9‘‘;9'^), 


(9^ 9^)00 (1 + ^) 9^)„ (-l)-g"'+2" ( 9 ; 9^), 


( 9 ; 9^) 


E 


00 n=l 


(g2;g2) 


(9^9^) 


2n 
n+1 


(-1)J + 1(1 - g41-2)zJgt(j-3)+2 


) 2G E(-i)"g (g;g') E — 

(9;9^)oo £1 ^ (9";92)„+j(92;9")„_j+i 


We note the coefficients of z ^ and z^~^^ are then the same in (1 + z) (z, z 9^)^ <S'g 4 (z, g), so we need only 
determine the coefficients of z^ for j > 1- This time we will use (I3.2p . For j > 2, the coefficient of z^ in 
(1 + z) (z,z-^g2)^ 5'G4(^:,g) is given by 


(9;9^)c 


E 


(_l)i+»+lgnW2n _ ^4 j-2^^j0-3)+2 

(9^;9^)„+j (9^;92 )„_j-+i 


(g2;g2)^ (1 - 54,-2)^2,--3, + l - (_l)n^nW24n 


{q\<y 


E 

n=0 


(92;9^)„+2,-i ( 9 ^: 9 ^), 


( 9 ^: 9 ^)^ ( 9 ; 9 ^)j_l (1 - 9 ^^ “ (_l)"g’^W24n ^^2j-l.g2^ 


E 


(9;9^)oo(9^;9^)2j-i 

(9^;9^)oo(9;9^),-_yi-9^^-^)9^^''-^^+^ 

(9;9^)oo(9^;9^)2j-i „=o 

(9"; 9")^ (9;9"),_1 (1 - g44-2)52/-34+i (^2,+1.^2^ 


(94^;9^)„ (9^:9^). 


E(- 1 ) 


V (g^^-';g^)„/3:(g"^-^g^) 


(9;9^)oo(9^;9^)2j_i 

= (l + g2j-i)g^^'-3j+^ 
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The calculations for the coefficient of z are similar and we still use (USD- In particular, the coefficient of z 
in (1 + z) (z, Sg 4 {z, q) is given by 

(9'; 9')oo ^ (g; (l - (g^; g^)^ ^ {q^;q^)^ 


(g; g^) 


E 


00 n=l 


(g^;g^)„+i (g^g^)^ 


E 


(959^)00 ^0 ( 9 ^ 9 ^)n( 9 ^; 9 ^). 


(g;g^)c 


'^')oo, g(_l)n,n^+2„ (^2. ^2) _ 9^)c 


n=0 


(g;g^)c 


(9^9^)»(9^g^)^ (g^g^). 


(g;g")c 


(g;g^)oo (g^; 9^)00 (g;g^)c 

(g";g")oo 


= l + g- 


(g;g^)oo' 


Thus 


(g^g^). 


(l + z)(z,z g^)^ S'(34(z, g) — —(1 + z)-^2____Zo£.-I_ -(_ 2 ;^ ■^)(l + g^'^ ^)g 

1=1 


2i-l',„2i"-3j+l 


= -(l + z) 
= -(l + z) 
= -(l + z) 
= -(l + z) 


(g;g")o< 

eel 

(g;g")o< 

EEL 

(g;g")o< 

EEL 

(g;g^)o< 

EEL 

(g;g")o< 


00 

00 

E 




j ^-00 


j ^-00 

00 


E 

j ^-00 

00 

- E( 

j=-oo 


-ig2i -j 


gr^-? ■? 


J^-OO 


However, we have by Gauss that 


(g^g")oo _ 1 ^ ,n(»+l)/2 


(g;g^)oo 2 ^^ 
1 


E E g- 

n— — oo 
00 


g"(2n+l) y^ ^(2n-l)r 


We then have that 


= E 


n— — oo 


(l + z)(z,z ^g^)^5'G4(^,g) = E •^-l-z)g2'^' 


_7 = -oo 

CXD 


= E (1 ~ '2'^ ^)(l ~ z^)z^ ^q^^ ^. 


(3.11) 


Proof of \2.bfl . We have by (13.11) that 


(l + z)(z,z ^■,q^)^SAG 4 [z,q) = 


(g^;g^)oo^(i + ^) (^,^-^g")„(-W 


(g;g')oo Ei 


(-g;g^)„ (g'‘;g^) 


□ 
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(9;<?^)c 

(g^;g^) 

iQlQ^)c 


E( )9 (9>0„E (^2.g2) (^2.^2)_ 


We note the coefficients of z ^ and are then the same in (1 + z) (z, z q^) ^ Sag 4 {z, q), so we need 
only determine the coefficients of z-' for j > 1. This time we use (IH31) . For j > 2, the coefficient of z^ in 
(1 + z) (z,z“^g 2 ) SAG4{z,q) is given by 


EEL 

( 9 ; 9^)oc 


■ E 

n=j-l 


(_l)i+"+i^n" ^q. q2'j^ (1 _ q4j-2'jqjU-3)+2 

iq'^;q'^)n+j (g^;9^)„-j+i 


(g^g2)^ (1 - g4j-2)q2/-5,+3 - (_ l)n^n^+2jn-2„ (^.^2) 


( 9 ; q^)c 


E 

n—0 


' n+j-I 


(<z2;92)„+2,_i(9";9"). 


{q^\ 9^)00 ( 9 ; (1 - A (-l)"g’"'+ 2 j"- 2 n ^^ 2 ^- 1 . ^ 2 ^ 


( 9 ; 9^)00 ( 9 ^; 9 ^) 2 ,-1 


E 

n=0 








(9;9^)oo(9^;9^)2j-i 
(<7^; 9^) (9; 9^)- 1 (1 “ -5i+3 /'„2i-i 2\ 

J_ ^ QQ ^ _ ' J~^ __W_ ’ ^ / 00 \ '' /_ 1 \ n -\-2jn—2n ** / 4j—4 2\ 

(r,4j-2. rt‘^\ ^ ) 

Vy ’ y /'oo 


(9;9^)oo(9^9^)2j-i 

= g2/-5f+3(i q^i-^). 

Similarly, the coefficient of z in (1 + z) (z, z“^; 9^)^ S'^g 4 (- 2 :, 9 ) is given by 

(g^gLoo E (g;gL„(i-g^) (g^;gLoo E 

('n2.„2\ .7«2.„2'| |'„.„2'| 


(g;g^)oo El (g^;g^)n+i(g^;g^)n (g; 9^)00 E ^g'‘’g^)"(g^’g^)» ( 9 ;g^)oo 


^ 00 71=0 

^ ( 9 ^ 9 ")^ ( 9 ; 9 ")^ 
( 9 ; 9^)00 (9";9^)c 

= 1 + 9 ^ - 


-(1 + 9^)- 


3x (g^;gLc 


(9;9^)c 


3 (g";gLc 


( 9 ; 9 ^) 00 ' 


Along with (13.lip , this gives 


(l + z)(z,z ^;q‘^)^SAG 4 iz,q) = -{1 + z) 


( 9 ^; 9 " 


(9;9^)c 


+ 9®4-3)q2/-5i+3 


i=i 


/'„2. 2\ 00 

-(1+z) 21 + E 


-(1+^) 

-(1+^) 


(9;92)oc 

EEL 

(9;92)oc 

EEL 

(9;9^)oc 

18 


00 


j ^-00 

+ -5j+3 _j_ +i 

j— — oo j— — oo 


00 


00 


E ^^-^ 9 ^^ + E 


^3q^3 +3 


3^-00 






























CX3 

= ^ (z^ + — 1 — z)q‘^^ 

j^-oo 

oo 

= ^ {1 — z^~^){l — z^)z^~^. 

j=-oc 

□ 


4. Dissections for 332 ( 2 , q ) 

To begin, by Bailey’s Lemma with pi = z and p 2 = z~^ we have that 


(1 - z)(l - z ^)SB2(z,q) = 


(9; '?)c 


{zq,z ^q;q) 


E 




( 9 ; 9)c 


00 n =0 


(9; 9), 


( 9 ; '?)c 


(zq,z ^q;q) 


■^{2,z 


qB2 


1 


00 n=0 
00 


(zq,z ^q-,q)^ 

_ (g;g)oo 
{zq,z-^q-, q)^ 


(g;g)c 


1 + E 


(1 - z)il - Z-l)(-l)"g(3n -n)/2('j 

(1 — Z(7")(l — z~^q^) 


(g;g)c 


(zg,2; 


While the series term is not the generating function for the rank of partitions, it is surprisingly close to it. 
We recall the rank of a partition is the largest part minus the number of parts. One form of the generating 
function for the rank of partitions, which is given on page 64 of |28) . is 


R(z,q) = 


1 


(g;g)c 


1 + E 


(1 - z)(l - z-l)(-l)’"9"(3n+l)/2(;^ ' 

(1 — zq'^)(l — z~^q^) 


(4.1) 


We recall the crank of a partition is the largest part, if there are no ones, and otherwise is the number of 
parts larger than the number of ones minus the number of ones. One form of the generating function for the 
crank of partitions, which is given in (7.15) of |16) . is 


C(z,q) = 


(g;g)c 


Lemma 4.1. 
1 


(g;g)c 


i + E 


(zq,z ^q-,q)^' 

(1 - z)(l - z-i)(-l)"g”(3"-i)/2(i + ' 


(4.2) 


(1 — zq'^){l — z ig") 


= (z + z - l)R(z,q) + (I - z)(l - z ). 


Proof. To prove this identity, we multiply both sides by (q; q)^ and expand (q; q)^ into a series by Euler’s 
pentagonal number theorem. We then have 


(g;g)oo((^ + ^ ^-1)7?(^,<7) + (1-2)(1 -z ^)) 


= z + z-1 - 1 + (1 - z)(l - z-i) (q; q)^ + ^ 


(1 - z)(l - z-i)(-l)"g”(3"+i)/2(i + + ^-1 _ 1) 


= 1 + ^(1 - Z)(l - Z-l)(-l)"q"(3n-l)/2(j ^ 


(1 - zg")(l - z-ig") 
q”(z + z-i - 1) 


= i + E 

n—l 

00 

= i + E 


(1 — z(7”)(l — z ig") 

(1 - z)(l - Z-l)(-l)’"g"(3n-l)/2(j 

(1 — zg")(l — z“^g”) 

(1 - z)(l - Z-l)(-l)’"9"(3n-l)/2(';^ 


+ 1 


n—l 


(1 — zg”)(l — z“ig”) 


□ 


This proves the lemma. 
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With Lemma [4. II we now have 


SB2{z,q) = 


{z + z ^ -l)R{z,q)-C[z,q) 


+ 1 . 


(4.3) 


Using the rank difference formulas from [3, we can deduce the following dissections for the rank function. 
Theorem 4 of [7] gives the following dissection for i?(C5, ?), which can also be found as Entry 2.1.2 in [3], 

-TT—ut2- + — 2^ —^— + 9- 


[q^'^q joo 


25ff ^ (g25;g25)^ l_q25u+5 

(- 25. 25\ (o25. 25\ U5. 251 

+ g^(C 5 + C 5 ~^) lo! 251 - g'(C 5 + Cs"^)- 


[q^;q 


251 


[giO;g2^Joo — ' [^10.^25 

8 2C5 + 2C5"^ + 1 ^ (_l)"q75n(n+l)/2 


I" 

I OO 


('^25.^25'\ / ^ 1 _ ^25n+10 

{(d Joo n—OO ^ 

Similarly Theorem 5 of gives the following dissection for R{(r,q), which is also Entry 2.1.5 of [4]. 
R{C7,q) 

= (1-C7)(1-C7“) + (-1 + C7 + C7“)- 

1 


(4.4) 




+ (2 - C7 - Cl)q^ 


^ (_l)n^l47n(n+l)/2 (q49.^49^^ 


n— — c>o 


_ g49n+7 


[9^; q^ 


491 




+ (C7 + C7V ^ 77 ^. 491 + (Ct - C? - cl + cl)9'® 


1 


[9^921; ^49]^ 
;(9^®;9^®) 


(949;949)c 


°° (_l)"gl47n(n+l)/2 

S I _ g49Tt+21 


+ (1 + Cl + C7)9^ ')„i4. „49i'°“ “ (Cl + C7)9^-|^2T7^49p 


[gi4;9"®] 


+ (1 + C7 + 2C| + 2C| + c|)9'" 


(9^®;9"®)c 


°° (_X)"gl47n(n+l)/2 

^ ^ 2 — g49nH-14 


+ (C7 + C 7 + C 7 + C7)9' 
Next by (3.8) of [H] 


2 , ,, , 


[q^\q^^;q^\ 


(4.5) 


(9; 9)c 


.,25.„25\ ( 19 ’9 Joo .4 . ^ I/- , M , t\„2 ^ 


(C59,C5 ^919) 


= (9^^9^^) 


°° \ J^5.„25 


-(C5+C5")9" 


[9^9^ 

[9^9' 


+ (C 5 + C 5 “ 1)9 


[9^; 9- 


■251 


- (C5 + C5 +1)9 


[ 9 ^° 19' 


251 


5 r ID 251^ 

[r^-^Qnoo 


(4.6) 


Also by Theorem 5.1 of [TB] we have 


(«■!)„ = ( ,i’J’I t + «7 + c? - CgrrAsi- + (C? + c-f 


(C79,C7 ^9; 9), 


[9^9l^94®]. 


[ 9 ^; 9' 


[9^92^949]c 


~(C 7 + cl + cl + cl) 9 ^ 7 - 747-451 (C 7 + C 7 ) 9 ‘^ 


-(Cl + cl+ 1 ) 9 ' 


[9"; 9 


[9^4; 9' 
■ ^491 


[921; 9 


491 


[gi4,92i;94®]c 


(4.7) 


We then find (12.71) of Theorem [2]3] follows by (j4.3E (14.4E and (14.61) and (12.81) of Theorem l2. 31 follows by (14.3L 
(14.5E and (14.71) . 
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5. Dissections of SF 3 {z,q) 

By Bailey’s Lemma with pi = z and p 2 = z~^ we have that 


{l-z){l-z )SF3{z,q) = 


(9;9)c 




E 


{z,z 


(9;9)c 


n—0 


(g; g) 


2n 


(zg2,z-ig2;g2)^ 


(g;g^ 


(g^g")c 


i + E 


n=l 


(1 - z){l - z-i)g”(l + g2") 
(1 — zg2")(l — z“ig2") 


(9;9)c 


[zq\z-W,q). 


We first find the dissections for the product term and then proceed with the series term. When z = ^7 
we use the theory of modular functions, both for the product term and the series term. We recall some 
facts about modular functions as in [24] and use the notation in |9] and [l^. The generalized eta function 
is defined by 

n (1-9”) n (i-9”)> 


n>0 

T.=p (mod d) 


n>0 

'i=—g (mod d) 


where g = and P{t) = {t}^ - {t} + i. So ps,o (t) = g^/^^ (g"^; g^)^ and ps,g (r) = qP^ 9 /s)s /2 
for 0 < g < S. We use Theorem 3 of |25j to determine when a quotient of gs,g (t) is a modular function with 
respect to a congruence subgroup ri(7V) and use Theorem 4 of [IS] to determine the order at the cusps. 
Suppose / is a modular function with respect to the congruence subgroup T of ro(l). For A € ro(l) we 
have a cusp given by ^ = A“^oo. The width of the cusp W := TF(r, () is given by 

W(r, C) = min{fc > 0 : ±A-^T’^A e T}, 


where T is the translation matrix 


If 


T = 


1 1 
0 1 


a/VE 


fiA-W)= bmq^ 

m—rriQ 

and bma ^ 0, then we say mo is the order of / at C with respect to T and we denote this value by Ordrif; C)- 
By ord{f; Q we mean the invariant order of / at C given by 

Ordrif-X) 


ordif'X) = 


W 


For z in the upper half plane Td, we write ordi f] z) for the order of / at z as an analytic function in z. 
We define the order of / at z with respect to F by 

g /j! ^ ordif;z) 

Ordrif; z) = -, 

m 

where m is the order of z as a fixed point of F. 

The valence formula for modular functions is as follows. Suppose a subset of 'H U {00} U Q is a 
fundamental region for the action of F along with a complete set of inequivalent cusps, if / is not the zero 
function then 


^ Ordrif; z) = 0. 


(5.1) 


ZG.F 


We can verify an identity between sums of generalized eta quotients as follows. Suppose we are to show 
Ol/l + 02/2 + • • • + dkfk = Ofe+l/fc+l + flfc+2/fc+2 + ■ • • + ak+mfk+m., 
where each Ui € C and each fi is of the form 

n 

f =]l ds^gj ■ 

f=i 
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We verify each fi is a modular function with respect to a common ri(7V), so that / = oi/i H-+ akfk — 

Ofc+i/fe+i — • • • — ak+mfk+m is a modular function with respect to ri(A^). Although / may have zeros at 
points other than the cusps, the poles must occur only at the cusps. At each cusp C, not equivalent to oo, we 
compute a lower bound for Ordr{f] C) by taking the minimum of the Ordr{fi-, C) , we call this lower bound 
We then use the q-expansion of / to find that Ordr{f;oo) is larger than — X^ceC' where C' is a set 
of cusps with a representative of each cusp not equivalent to oo. By the valence formula we have / = 0 since 
T,zGj=-Ordrif;z) > 0. 


Proposition 5.1. 

(C3g^C3'^g^;g^)c 

(C5g^ 


(9®; 9® 


(9i8;9'«) 


(g3;g3 




[9®; 9 


251 


- q 


[9i®;925]oo[9'°;9®® 

(9^^9"®)^[9®;9®°] 


(9^^9^^)^(9®;9®), 

{9®;9®)oo 

(9^3.925)^ 

-g [^10; 950]^ 

-(C5+C)9' 


-29- 


(g";g")l(g^g^)c 

(9®;9®)L(9®;9®)L 


+ (Cs + C5)9' 


.4^ .(g^^g^^)ook°;g^^]c 


[9®; 9' 


251 


[^20.^50] 




[92°; 9^°]^ 


(9, 9®; 9^), 


- (C5 + Oq 
(g^^g^^)oo 


[^10; 925] 


(C79^C7 ^9^; 9^), 


[9i4;9®«] 

+ (1 + C 7 + C7)9 


“ (C 7 + C7)9 


(9^®;9^®)^[9^^9' 


981 


[q^^;q^\ 


2 , .5^„(g^^g^^)oo[g^^;g^*]. 


[9^; 9' 


491 


- (1 - C7 - C7®)9^ 


(9^®;9^®)^[9^^9' 


491 


[9'^; 9'^®] 

(9^®;9^®), 

[^28;9®8]^ 


+ (1 + C? + C|)9" 


[ 928 ; 9 ® 8 ] 


(9®^9®^)^[9®^9®^]. 

^94®;9®«)oo[g'^9®«], 

- - (C7 + C7)9' 


6^ 3(g'‘^g^^)oo[g^;g^^]. 


[g"';9"®]oo[g'";9®®] 


~ (C 7 + C 7 + cl + C7)9' 


(9^®; 9^®)^ [9-; 9 


491 


[gi4;94®] 


[9' 


42. g98J 


(•49. 494 

a2 , /■5\6\^ /c 


-(Cl + Cl)9‘’ 


[g42;9®8] 


(5.2) 


(5.3) 


(5.4) 


Proof. Equation (15.2p follows from Theorem 2.11 of |14j by replacing q by —q and simplifying the products. 
Similarly (15.3p follows from Theorem 2.12 of [14] with q replaced by — q. 

We recognize the left hand side of (15.41) as (g; C'(C7,9^), where C{z,q) is defined in (14.21) . For 

C(C7,9^), we use (14.71) with q replaced by g^. If we divide both sides by 
that (lOl) is equivalent to 




we find 


.“6 I /■ . N 7?98.28 (t) ..5 ^2\998.28 (t) ..4 .3 . x 7?98,14 (’t) ..5 ^ , 7?98 44 (t) ?798,28 (t") 


1 + (C 7 + C 7 — 1) 


1798,42 (7 


+ (C| + C|) 


998.42 (7 


x 2 + (C 7 + C 7 + 1) 


998.42 (r) 


-(CI + C7)- 


998.42 (7 


998,14 (t) 


- (Cl + C 7 + 1) . . 

998,42 (t j 

998,28 (t-) 998,49 (t")^^^ 


92,1 (t")^^^ 998,42 (t) 


-(Cl + Cl) 


998,14 ( 7 -) 998,28 (t^) 998.35 (t") 998.49 (t")^^^ 


1 /2 

92,1 ( 7 -) 949 ,21 (t") 998,42 (j) 


+ (C| + C| + 1) 


1 /2 

998.14 ( 7 -) 998.21 ( 7 -) 998.28 (t") 998,49 (t") 

1 /2 

92,1 (t-) 949.7 (7-) 998.42 (7-) 


- 2 


998,28 (t") 998,35 (t") 


1 /2 

^ ^6 /■ , T ^ 949,14 (7-) 998.14 (7-) 998,49 (t-) ^^6 , ^ 

- (-C 7 - C 7 + 1 )- —Y 75 -—-— - (C 7 + C 7 ) 

92.1 (t-) 949,7 (7-) 998.42 ( t ) 


92,1 (t-)^^^ 998.42 ( 7 -) 998,49 (t")^^^ 

1/2 

949,7 ( 7 -) 998,28 ( 7 -) 998,49 (t") 

1 /2 

92,1 (7-) 949 ,21 (t) ??98,42 (t) 
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, //-S , ^2 , 1 ^^?98,14 (t) 7798.49 ^^6 , /-S , /■2 , ^ ^ »?49.21 (t) ?798,14 (t) 7798.28 (t) 7798,49 

+ (C? + C 7 + 1)-, , 1/2 ---vCt + Ct + C? + C 7 )- 


-(C7^ + C7") 


772,1 7798.42 (t) 

7798,14 (t) 7798,28 (t) 7798,49 
772,1 7798.42 ( t )^ 


772,1 7749,14 (r) 7798,42 (t)^ 


(5.5) 


However, by Theorem 3 of [25] each individual term of (I5.5|l is a modular function with respect to ri(98). 
Using Theorem 4 of [25] to compute the orders at the cusps, as explained previously, we find to prove (|5.5I1 
that we need only check this identity in the g-series expansion past This we do with Maple and so (EH) 
is true. 

□ 


Proposition 5.2. 


(g2;g2 


^^g(l-C3)(l-C3-')9"(l+9"") 




n—1 

4 

oo 


(i-C392")(i-C3-'g2") 


H“ 2q- 


('?;«')oo (1-C5)(1-C5-')9"(1+ «'")' 


+ q- 


(<?'«;<z'«) 


{q^-,qnl {q^-,q^)l 


(5.6) 


(g2;g2 


1 + E 


(1 - C5g2")(i - Csg^") 


-1- U - C5 - CsJ'T'TrTTTTT^in-9 


[q^;q 


251 


-(C5 + C5> 


[gl0;g50] 

+ (1 + Cs + Cs)?' 


41 7(5^°lEkMlE]oo , n , . , .4i.3(9^^9^^)oo 7. , .4i„4 . 


(g";g2), 

{q^^-:qn 


1 + E 


(^25.^50)^ [^20.^50^00 

" (l-C7)(l-C7'')9"(l + 9"") 


[920 


(92^;9^°)oo[9'°;9"°] 

-(C 5 +C 5 V 


■501 




251 


(5.7) 


n—1 


(1 - C7g2")(l - Crq^^) 


+ q / .AO, _Q«N - r.iA. .Q«1 -IC7 + (.7)9 /„7. „141 - '.'’7 + ^ 7 )q - 






,491 


+ q 


-iC^ + Cl)q^ 




7 49. 491 r 21. . 

+ (1 + C? + Cl)9'^ 


491 




[9^^'7"®]oo[9^^9®®]c 
7 49. 491 

-(C? + C7V^" 


+ (1 + C 7 + C7)q 


{q^^-,q^^)^[q^^-,q^\ 

7 49. 491 

2 I a5i„ 4 W ’9 /oo 


[g28;g' 


981 


[^42.^98]^ 


(5.8) 


We see that (|2.9I) follows by subtracting (15.21) from (15.61) and dividing by (1 — C3)(l — ), (12.101) follows 

by subtracting (15.31) from (|5.7ll and dividing by (1 — C5)(l ~ C^^)) and p.lip follows by subtracting (|5.4I) 
from ()5.8p and dividing by (1 — C7)(l ~ C7^)- While we can prove (15.6p with elementary rearrangements, 
the proofs of (15.71) and (15.8p will require the following identities. We use equation (17.1) from [HI page 303], 
which in our notation is 


q (9^ (9^) 00 


= E — 

2-^1- 


^ - — - -^+a" + 6"- a”6" 1 . 


(9; q)lo N, H abq; 1 - 9^” \a^b^ a" 6" 

We also use Theorem 1 of |6] with b = a and c = 

(9;9)L ^ “9'^ o 9'‘/a 


(5.9) 


[a,a,(7i/2,a2gi/2;g]^ 


= i + 2y—!y--2y —^ 

1 — nn^ 1 — , 


E 


1 — aq^ ^ 1 — g^^/a ^ 1 — ^ 1 — 

^ fc=i ^ ' fc=o ^ /c=i ^ ^ 


E 


r i/Va 


(5.10) 


Lastly, we will use the following dissection formula for certain quotients of theta functions. 
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Lemma 5.3. Let M be a positive integer and \q^^\ < | 2 ;| < then 




E 


L 


^M„M(2fc+l). „2M2 
H 1 H 


where A is any full set of residues modulo N (such as A = {0, 1,2,..., M — 1}). 
Proof. We recall a specialization of Ramanujan’s I'I'i formula gives 


(g;g)L N;g]c 

N.2/;g]oo 


= E 


1 - yq” 


for |g| < |a;| < 1. We let q !->■ q^^, x = z, and y = q^ to find that 


,2M1 




= E TV 


n— — <X) 


2 _ ^2Mn+M 


= E E T 

n= —OD 


yMn-\-k 


_ q2M‘^n+2Mk+M 


= E^'= E 


^Mn 


k^A n— — oo 


1 _ q2M^n-\-2Mk+M 


= E^ 

k^A 


,k . 


.M„M(2fc+l). 

^ H iH 


/ 2ME^2M’^y 
V / c 


^M(2/c+l). ^2M2j 


□ 


In particular, we can set z = ±g“ for 1 < a < 2M. Similar dissection formulas for certain quotients of 
theta functions follow from both the quintuple product identity and Theorem 2.1 of [10) . 

Proof of L5.6\} . We have that 

El (i-C3g^”)(i-C3-V") ^ 


n—l 


(1 - 


°° q'^-q^^ 


= I + SV^ fi 

Z—^ 1 _ Q^n 

n=l ^ 

oo 

= l + 3^q”£;i(n : 6) 

n—l 


where 


1 - 


(g;gE(g^g®) 

E 


EriN;m)= ^ 

(i|Ar,d=r (mod m) (i|A^,(i= —r (mod m) 

by (32.42) of [13]. By Gauss and the Jacobi Triple Product Identity 


1 , 


E;E; 

(g;g)oo 


= T E 


n(n+l)/2 


1 


^(9n’^+3n)/2 + - ^ ^(9n’^+9ra)/2 ^ ^(9ra^ + 15n)/2 

n— — cio n— — oc n—— oo 

1 T 3 6 9 9\ I g /" 1 9 9 9\ , g^ /" -3 12 9 9\ 

= 2(-g ^-g-g ;g )oo + 2Ei>-g >g ;g )oo + y (-9 ’-g >g;g)c 
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= {-q\ -g6, q^-q^)^ + q {-q^-q\ q^; 9®)^ • 


Thus 




(9; 9)L 


= {-q\-q\ q^)^ + 2q {-q\-q\ -q\-q\ q\ q^, q^) ^ + q^ {-q\-q\ g®; q^f^ 

= {-q\ q^)l + 2, (-,3; ,3)^ (^9. ^9)^ (^IS. ^18)^ + ^2 (_^9. ^9)^^ (^18. ^18)| 


And so 


(g;g")o 

(9^;9^)c 


'1 I V a-C3)(l-C3~^)9ni + 9^") ^ 

, h (1-C39^")(1-C3-'9^'^) , 


(9^; 9^)1 (9^9^)^ 

(9;9)L(9®;9®)L 

(9^9^)^(-9^-9^9^9^)L ,.„(9-9^)^(9-;9^«)^ , „2 00 5^)1 (<?"; 9^)1 

■*■^9 / R. fi\ +9 


( 9 ®; 9® 


(9®;9®)L ^ ( 9 ®; 93)00 

, o (9®; 9 ®)oo( 9 ^^ 9^3)00 , ,(93; 93)00(9^^9^3): 


(93;93); 


(93; 93)00 (9^3; ^18) 


Proof of ([5.7|j . To begin, we have 


□ 


1+(1 “ C 5 )(i ~ C5 3 ) y~: 


^n(i_^^2n) 


(1-C592’^)(1-C592’^) 

, , ,, , ,,, ,_1, ^ 9"(1 + 9®")(1 - 9®")(1 - C|9^”)(l - Ch^n 

- 1 + (1 C5)(l Cs ) 2^ 2 - giO" 


00 Qti 

_ ^yn 


- 1 + (2 - Cs - C 5 ) x: 1 _ „ 10 n + (1 + 2 C 5 + 2C|) ^ 


_ q. 




n=l 


1-9 


lOra • 


We claim that 


qu _ q9n 


(92;92)o 


g3n _ q7n 


n=l ^ n=l ^ 


lOn 


(9^°;9^®)oo[9^93°]oo 

(93;93°)oo[9;9i®]oo 

( 9 -; 9-)^ [g-; ,30]^ J9";9")^ 2 (?!!l 2 !!kE!^ ^ „3 '^")c 

^ r_.in. _50l ^ _..=ln^ r_in. _..=im ^ 


[93; 9' 


251 


[giO ;q 


(923;g50)^[gl0;g50]^ 


[9®°; 9^ 


501 


(5.11) 


We note the second identity of (15.111) is just an application of Lemma 15.31 with M = 5 and z = q and 
simplifying the resulting products. So we need to verify the first identity. We have 


I + 2 E 


^ gTi _ g9n 


^ _ qlOn / -j ^ _ qlOn 

=1 ^ n—1 ^ 


E 


°° „10n+l °° „10n-l °° „10n+7 °° „10n-7 

= 1 + 2V^^_2V^^__+ V ^ 

^ 1 _ „10n+l 1 _ „10n-l 1 _ „10n+7 ^ Z^ 


„=rl-93°”+3 -^„l-9 

(93°;93°)L[9^93,93;93°]oo 

[9,9,93,9";9i0]oo 


/ ^ ^ ^lOn+7 / ^ 2 ^lOn—7 

1—0 ^ n=l ^ 
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where we have used (|5.10p with q i— 5 ^° and a = q. Thus 




00 J-, Qt) 




-,10n 


n—1 


^ r»3n „7n 

E q — q 

_ ^lOn 

n—1 ^ / 


( 9 ^; 9^)00 [9.9,9^g^;g^°]oo 


Next we claim that 




00 „ 


T,9n 




^ 1 - giO" 


+ 2 


g3n 


^7n 


^ 1 - 9 IO" 

r!,= l ^ 


= -9 




= -q- 


>25^ 

[giO; q- 


501 


- Q 


(^50;^50)^ [^5.^50]^ 
(g25;g50)^[g20;g50]^ 


+ r 


(g25;525)^ 
[^ 20 ; ^50]^ 


- q 




[q^O.q. 


■251 


(5.12) 


We note the second identity of (15.111) follows by Lemma [5 .3 1 with M = 5 and z = q^. For the first identity, 
we apply (15.91) with q^ q^ and a = b = q^ io get 


^ qn _ q9n 


°° 3n 7n 7„10.„10'\^ r„2 „2 „4. „101 

sp q -q oy^ g -g _ (g :g )^[q ,q ,q ,q \, 

Z. 1 _ ^lOn 1 _ ^10„ 1 (^5. ^5)2^ [^7^ ^7^ ^9. ^10]^ 


n—1 


Thus 


(g;g" 


(g";g")c 


- 2 E 


°° qn _ q9n 


Ill-'? 


lOn 


+ 2E 


g3n _ g7n 


101 


H 1 -^ 


lOn 


= -q 


= -q- 


( g;g^)^ (g^°;g^°)l [g^g^g'^;g 

' (g2;g2)o.(g^;g^)L[g^g^g®;g'°] 

( g^°;g^°)^[g^;g^°]^ 
(g^;gi°)o.[g^;g'°]oo ■ 


Equation (|5.7I) now follows from (|5.11|) and (I5.12|) . 
Proof of i5.8\} . We begin with 

g”(l + g2") 


□ 


1 + (1 “ C7)(i - Ct E 


= i + (i-C7)(i-C7-')E 


(1-C7g2")(l-C7g2") 

g"(l+g2")(l-g2«)(i- ^2^2n)(^ _ _ ^5g2n) 

n—1 


= i + (2-c7-cf)E 


q - q 


13n 


n=l 


i-g 


14n 


+ (C 7 — C 7 ~ C 7 +C 7 ) E 


1 - gl4n 
g3 


n=l 


i-g 


14n 


g5n _ g9n 


+ (i+C 7 + 2 cE 2 cl+cl)E i_,i4. 

n=l ^ 


We claim that 

(g;g^)c 


i + E 


2 g” + - 2q 


^13n 


(g^;g^)oo V ^1 i-gi4" 

(g^^g^^)^[g^g^g^1^ 


(g^;gi^)oo[g.g^g 

(g49;g49)^ 


[gl4;g98] 


+ g 




(g'®;g®®)oo[g'";g®®] 


(g49;g49)^ 

[g^;g^®]oo[g^®;g®®]oo ' " [g^®;g"®]o 


+ g 


+ g' 


(g^^g^^)^[g";g^^]. 

[g^^g"®]oo[g^^;g®®]o< 


(5.13) 
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For this we apply (15.101) with q >->• and a = g to get that 
^ - g9" - 2q^^^ ^ q^ 


1 + 


n—1 


l-q 


14n 


= 1 + 2 


OO 

\ _ Ql4n+1 
n=0 ^ 


^14n-l 


^14n+9 


^14n-9 


- 2 


+ 


/ ^ 2 _ gl4n—l / ^ _ Ql4n+9 / ^ ^ _ jl4n—9 

n=l ^ n=0 ^ n=l ^ 






Thus 



(g^; 9^)00 

(9^;9i^)oo[9,'?^9'"]oo ■ 


/ 14. 14'\ r 3 6. 14] 

To verify the second identity of (I5.13F we divide both sides by (g 7 ’gi 4 ) °° ^ identity 

between modular functions on ri(98). As we did in the proof of (15.41) . we examine the orders at the poles 
of various modular functions and find that to prove the identity between modular functions we just need to 
verify the identity in the g-series expansion past q^*"^. We do this in Maple. 

Next we claim that 


?;g 


^_ gU _j_ g3n _j_ gbn _ g9n _ glln _j_ ^13n^ 


(g 2 ;<z^)c 


l-g 


14n 


= -q- 




(5.14) 


This is actually Entry 17(i) of [5], so there is nothing for us to prove. Lastly we claim that 


ml 


(_g3n 2g5'* - 2g9" + g“’") 


= -q 


= -q 


1 - gi4" 


- q 




- q 


Xq^W^)^[q^-,q^^] 


[g2i;g49] 


[gl4;g98] 


[g28;g98]^ 


+ <?' 


{q^^-,q^^)^[q^^-,q^^] 


[gi4;g49] 


[g42;g98] 


[^42; ^98] 


(5.15) 


For this we apply (15.91) with q^ q'^ and a = b = q^ to get that 


E 


(g3n _ 2g5n 2g9" - g^") 


l-g 


14n 


= q 




Thus 


ML 

{q^;q^)c 


(-g3n 2g5" - 2g9'* + g^i") 


l-g 


14n 


= -q 


= -q 


. {q-:q^)^{qMM,<l^,^W% 


To verify the second identity of (I5.15L we divide both sides by g (q'^-q^'^) [q^ q°-qi4] ’ identity 

between modular functions on ri(98). We examine the orders at the poles of various modular functions and 
find that to prove the identity between modular functions we just need to verify the identity in the g-series 
expansion past g^'*’^. We do this in Maple. 

Equation (15.81) now follows from (I5.13E (I5.14L and (15.151) . 

□ 
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6. Dissections for SG 4 { z , q ) and SAG 4 { z , q ) 

Here we find the 5-dissections of S'g 4 (C 5 )I?) and S'ag4 (C5)9) using the techniques in [TH]. Atkin and 
Swinnerton-Dyer pioneered this method to study the rank of partitions [?]• Since then Lovejoy and Osburn 
used it to study the Dyson rank of overpartitions [5D], the M 2 -rank of overpartitions [35], and the M 2 -rank 
of partitions without repeated odd parts m- Also Ekin demonstrated that it could be used for the crank 
of partitions |12j . However, it is quicker to derive these dissections from the product and series forms of 
SG 4 {z,q) and SAG 4 {z,q)- For this reason, we omit some of the details but do include the general identities 
that lead to the end results. To begin we use Bailey’s Lemma with p\ = z and p 2 = z~^ to get that 

_ (-g;g')oo ^ / 1 2N 2„.G4_ (9^9")oo(-9;9')oo 

n—0 




{z,z-^;q^) 


{l-z){l-Z-^){q^-q^) 

(A^-^g^)oo 

1 

(1 - z){l - z-1) (g; q)^ 


1 + E 

^ n—l 


(1 - z)(l - z-^)(-l)"g^—(1 -f g") 
(1 — zg^")(l — 


1 + E 


(1 - z)(l - (1 + g") 




n—l 


(1 — 2 :g 2 ”)(l — z~^q'^^) 


Similarly, for SAG 4 iz,q), Bailey’s Lemma gives that 


SAG4iz, g) = 


1 


1 + E 

^ n—l 


(i-^)(i-^-i)(g;g)c 

Proposition 6.1. 

(g^g^)^ (g^^g^^)o.[g^°;g^°]. 


(1 - z){l - ^-^)(-l)"g^^(l -b g3") 

(1 — zg 2 ")(l — z“ig 2 ") 


+ (Cs + C5)g^ 


(g, C5g^ Cs g^)oo [g^°; g'^°]c 


+ (Cs + C5)g' 


{q,z,z I;g2)^ 

_ (g";g")oo 

(g,z,z-i;g 2 )^ 

(g-;g-)^ 


(g25;^50)^[g20.g50]^ 

4. 2 EEE 00 , I. , .4^„3(g^^g^^)oo[g";g"]. 
5^9 [gl0;g25] 

(g^°;g^°)oo 


[g®;g' 


251 


+ {C5 + C5V 


[g5;q25]^[g20.g50]^ 


" (g^^;g^°)oo[g'°;g^°]oo’ 

Proof. By Gauss and the Jacobi Triple Product Identity we have 


(g^;g^)oo^i V 

2 ^ 


.(.Ti )/2 ^ (g";g")..[g";g"]^ ^ ,. (g";g")^[g";g"]^ ^ 


(g;g")oo [g^°;g^^]oo 

By Lemma 3.9 of |16| . with g replaced by g^ we have 

1 1 


[g^;g' 


251 


(g25.g50)^ 


+ (Cs + Cs ) 


[g 20 ;g 


501 


(C5g^,C5 ^g^;g^)oo [g^°;g'^°] 

Multiplying these two identities together gives the result. 

With Proposition 16.II we find (12.121) and (12.131) to be equivalent to the following. 

Proposition 6.2. 


□ 


(g;g)c 


i + E 


(i-C5)(i-c5-^)(-irg^(i+g") 


n—l 


(i-C5g2")(i-C5-'g'") 


(g^^g^^)^[g^°;g^°], 

[gi°;g24oo[g'°;g®°]. 


+ (1 - 2C5 - 2C|)g5 


(g50;g50)^ 


, 200 ] 


•4\^10 


“ (1 + 2 C 5 + 2C5)g 


(gl00.^100)^[gl0;^: 

[gi°;g^°]oo[g®;g'™]c 


(g25;g50)^[g20.g50]c 


[g®;g 


25] 
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-(2-C5-C5>' 




[^10.g50]o^[<jl5.gl00] 


+ (Cs + Cs ) ■ 


- (2 - Cs - CD? 




oo 

2001 


[q^O.q 


.251 


(^50;^50)^ 


[q20.q50]^[q5.ql00^^ 


+ ( I + C 5 + C 5 V (^25.^50)^ [^10.^50]^ 


,100. „1001 


a/ 25. 251 „10. 50 / 

, Vy .y JooVJ ’y Joo , o/- o/-4l„8Vy /oo 

+ (C 5 + C 5 ) r„5. „251 r„2n. „.50i 0 oCgjg 


4^8V^ ,y—)oo [y^“;y 


30. „2001 


[^5; ^25]^ [^20.^50] 


[^20;g50] 


[yi5;y 


1001 


(y;y)c 


i + E 


(1 - C5)(1 - C5“ )(-i)”y—(1 + <in 


(1 - C5y2")(i - C5"'y'") 


501 


45„5 


+ (C 5 + Cs)? 


(^50; ^50)^ 


(y^^y^^)^[y"°;y‘ 

■ [yi°;y2^]oo[y'°;y'°]c 

( 100 100) r^70 2001 (g25.g25) 

\ {/• _ 1 _ /QO -loo 1 ^A_______ 

lS5 "T S 5 ^;y r^io. ^501 r^35. ^looi ^ r^5.ri25i 


(^25; ^50)^ [^20.^50]^ 


+ (C 5 + Cs ~ 2)g 


io(9'“;0ook°;0 

[yi°;y^°]oo[y";y'™]oo 


[^10; ^50]^ [^ 35 . ^100] 


— (1 + 2^5 + 2C5)g 
+ (1 - 3C5 - Kt)Q 
+ (C 5 + cDy' 


4, o(EEnj^°]oo, 


Iql0.q50]^lql5.^100 

4. i2(y^“;y^“)oor;'?^ 


y JOO 

2001 


[g5;g2 

+ (Cs + CDy^ 


[giO;g^ 


251 


[^20;^50]oo[g5.^100] 


4^ 3(y^^y^^)oor;y^°]oo , a 


[^5; ^25]oo [ 520 .^ 50 ] 


+ y" 


+ (1 - 3C5 - 3C5")g 

(y^°;y^°)oo 
(92^y^°)oo[y'°;y'°]c 


4.3(y"°;0oo[y™;0< 


[^20.^50] 


[^as.qioo] 


2001 


+ (~2 + Cs + CDy* 


(^100; ^100)^ [^30;^: 

[y2°;y^°]oo[y'';y'°°]c 


The major work in proving identities like this is to find identities that allow us to see the series terms on 
the left hand sides as products. To this end, we note that 


1 + E 


n—l 


= E 


(1 - z)(l - z-^)(-l)"g^^(l + g") 
(1 — zq‘^^){l — z~^q^”-) 

(l-z)(l-z-i)(-l)”g'^ 


n— — QO 


(1 — zq^^){l — z~^q^'^) 


^ (1 - z)(l - ^-l)g2n"+3« “ (2 _ ^)(1 _ 2-l)q2n=^+5»+2 


n— — oo 


(1 - 0g4«+2)(l _ 2-1^4n+2) • 


We then define 


Vdb)= E 


2n^+bn 


n— — oo 
n^O 


ryUn ’ 


Uiib)= E 


2n‘^-\-bn 


n— — oc 


l-q 


Aen+2e • 


We note replacing n by —n gives that 
Vi{b) = -Ve{U-b), 

Next we have 

g (i-C5)(i-C5-')y"”'+'” 


Ueib) = -q^^-^+^U(,{U + 4-6). 


(i-C594”)(i-C5“'y^") 

, I V (1 - C5)(i - C5~^)(-i)"y^"'+""(i - y"")(i - C|y"")(i - Cgy"") 

+ (1 - g20n) 

= 1 + (2 - Cs - C|)(^5(3) - ^5(15)) + (-1 + 3C5 + 3C5")(^5(7) - ^5(11)) 
= 1 + (2 - Cs - C5)(^5(3) + ^5(5)) + (-1 + SCs + 3C5")(b^5(7) + 4^5(9)). 
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Similarly, 


- (1 - C5)(l - C5-^)g^"'+""+" 

^ho. (1 - C5g^”+2)(1 - C5”'9""+") 

- (1 - C5)(l - C5~^)(-l)"g^"'+^"+"(l - g""+^)(l - Cgg4»+2)(1 - C|g4n+2) 

2 -^ _ ^2071+10^ 

n^ — oo 

= (2 - Cs - Ct){q^U,{b) - g®C/5(17)) + (-1 + SCs + Kt){q^U,{Q) - q^U,{U)) 

= (2 - C5 - Ct){q^U,{b) + q^U,{l)) + (-1 + 3C5 + Kt){q^U,{9) + q^U,{ll)). 

Thus 

^ >p (i-C5)(i-c5~^)(-irg^(i+g") 

= 1 + (2 - Cs - C|)(V5(3) - q^U.ib) + ^5(5) - q^U,{l)) 

+ (-1 + SCs + - 9^t/5(9) + ^5(9) - q^U^ill)). 


In the same fashion we deduce that 

^ >p (i-C5)(i-c5~^)(-irg^(i+g^") 

(1 - C5g^”)(i - Cs"^?^") 

= 1 + (2 - Cs - Cl)(^4(l) - <7t/s(3) + Fs(7) - g"t/s(9)) 

+ (-1 + 3Cs + 3C|)(^5(5) - q^U^il) - Fs(9) + g"C/s(ll)). 


Similar to Ekin’s work in m, we use the functions 


T{z,w,q)= 

n— — oo 
oo 

T*{w,q)= Y 

n——oo 

n^O 


1 — zg" 

(^—l^'^qn{n+l)/2^n 

1 - g’" 


h{z,q)=T*{z \g) + zr(z^,z,g). 


Lemma 6.3. For b and £ odd integers with £ > 1, we have 


Ve{b)-q—Ueib + 2) 


= /i(-g2^^-“,g4^' 


)+{q^^';q^^^) 


2 r 


y ? y 


^-1 

fc=i 


2 k^+bk 


2 bt+Bkl. iF 

q 1 q 


\^qikt q 2 bt+ikt _q 2 F+bi+ikl. qiP^ 


Proof. We have 


Ve{b)-q—Ui{b + 2) 

°° „2n^+6n „2n^+6n+2n 

= V - _ q-^ V — 

/ ^ “I ^4£n ^ ^ 1 


1 — g"'^" ^—' -L — g 

n— — oo n= — oo 

n^O 

^-1 


1 _ g4£n+2^ 
„2Fn^+ben+4kin ^“1 


^ 2 k^+bk 

Z.^ y Z.^ 2 — qiFn+4ki 

n— — oo ^ 

(n,fc)^(0,0) 


fc=0 

£-1 


^ „2^^n^+4^^n—4/c^n —Wn 

E 2 k^-\-bk-Ak£-b£-\- 2 £^ _y_ 


n= —oo 


= 1 : 9 “*“ E 


fc=0 


n =—00 
(n,/c)^(0,0) 


^ g2£'^n{n-\-l) ^_ g'^b£n-\-4k£n—2i‘^n 

^ _ q4£^n-\-4:k£ 
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— 1 oo 

2k^+bk-iki-W+2e^ 




E 




n= —oo 


^_^^n^2£^n{n+l) ^_ g^2i^n—Akin —bin 

_ gAPn-\-Ai^-2bi-4ki 




+ E (riq'^^i-q' 


bi+4:kl-2r M 




-4ki-bi+2t 


T{q 


M‘^-2bi-4kl _^2t^-Akt-bl 


fc=l 




i-i 


+ E -q 


bi+Aki-2r Ar\ _ -Aki-bi+2rrp( Ar-2bi-Aki _ 2r-Aki-bi At 

"I ^ ) H \H "I H •) H 


fc=l 


Here we have replaced n by + fc in Ve { b ) and replaced n by — fc + £ — in {7^(6 + 2). By Lemma 2 of 
m we have that 


wT{zw,w,q)+T{zw ,w ,q) = 


{q\q)L 


[zw ^,zw,w;q]^ ' 

We note one could also deduce this identity using Theorem 2.1 of m- Applying this with q i—>■ , 


W = -qU^-bt-4U^ ^ ^ _^2e-bl yigi^g 


T[q^^^ _^M+4fe£-2«^ _ ^-4ke-bi+2i^j,^^4e^-2be-4ke _^2e^-4ki-be 


f^4e\„4i^\'^ 

„2l^-bl „4e'^-2be-8ke. „4e^ 


[q ,q I 

-q ,q ,q 


\ / 00 


00 


^q4kl q4t^-2bt-4kl^ _q2P-bl-4kl.^ q4P^ 


f 41^ 4^2 A ^ 

Iqit .qit 

2 e'^-bi 2 bt+ 8 kt 4i^ 

y 1 H 1 H 


\ / 00 


00 


\^q4kl q2bi+4kl _q2l'^+bl+4ki. q4e'^'^ 


This completes the proof. 


□ 


Also one can express combinations of h{z,q) in terms of products by using Lemma 1 of |12j . For our 
purposes, we could use the following, the proof of which is basic algebra and applying Lemma 1 of [12] . 

Proposition 6.4. 

..5 „100 


(3a - d)h{-q\q^^^) + (36 - a)/i(-(?^^ q^^^) + (3c - b)h{-q^^, q^^^) + {3d - c)h{-q^^, q^^^) + c + d 

2 r in 100]^ /'^lOO. ^100^^ r on innl3 / mn inn\2 r ■^n innl3 

OO 


= a- 


(gi°°;gi°°)L[gi°;g 

[-9";OL[-9'^<7nc 






[^10;gl00]^^[^30.^100]o^ [_^15;^100]^[-^45.gl00]o^ 


[g30;^100]^[^10;gl00 

Also we note that 


cq 


dq= 


25 


h{-q^^q^n = 


[-g45;ql00]^[_g35.gl00]^ ' h?'; Oc 

{q^^;q^^)l 


[-q2b.qW0]{ 


{qioo.qiooy^ 


This would allow use to express the identities in Proposition I6.2I iust in terms of infinite products. We 
could then rewrite the identities strictly in terms of modular functions. The identity in terms of modular 
functions could then be proved as we did for the identities in (I5.4|) . (I5.13|) . and (I5.15|) . We do not include 
these calculations here. 
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7. Proof of Corollary 12.41 

We note that Theorem 12 . 31 immediately gives that the coefScients of in SpsiCsjq), 9®”+^ in S 32 ^( 5 , q), 
in SB2{C5,q), q^^ in 5 f 3(C5,9), in SF3iC5,q), 9®"+^ in ^G4(C5,9), 9®”+" in 5 aG4(C5,9), 9 ""+' 

in SB2{C7,q), 9 ’^”'^® in S'b2(C7,9), 9 ’^” in SpsiCrjq), 9 ’’”’^'^ in S'f 3(C7,9), and in S'f 3{C7,9) are all 

zero. Thus the identities in Corollary 12.41 for B2, F3, G4, and AG4 follow. We still need to prove that the 
coefficients of Sji{C 3 ,q), q^^ in Sj 2 {C 3 ,q), and g^n+i jn Sj 3 {( 3 ,q) are zero. We prove this by using 

Theorem 12.21 

For Jl, we use to see that 

(1 + C3)(i - C3)(i - Cs”') ( 9 '; q")^ sMCs, 9 ) 

_ (1 - C|)(l - Cr')C3~^(-lV+^9^(l - q^ - 9^^~" + q^^-^ + 9^^"^ - 

^ (l-qfo-3)(l-gfo) 

Thus the non-zero terms occur only when j = 2 (mod 3), but one finds that (l — qi — _|_ gfo-s _|_ 

_ qGj-3^ Qjjjy contributes terms of the form q^'^ and -v^hen j = 2 (mod 3). Thus Sji{( 3 ,q) has 

no non-zero terms of the form q^'^~^'^. 

For J2, we use (j2.2l) to see that 

(1 + C3)(l - C3)(l - C3-') ( 9 '; 9^)00 Sj2iC3,q) 

^ (1 - C^)(l - Cr')C3~^ (-lV+^9"^(l - q^-^ - q^^ + q^^-^ + 9^^"" - 

^ (I_q3j-3)(i_q3j) 

Thus the non-zero terms occur only when j = 2 (mod 3), but one finds that ' (1 — 9 -'“^ — q^ — q^^ -\- 
q,4j-i _|_ q 5 j -3 _ q6j-3^ only contributes terms of the form g3"+i and q^^+‘^ when j = 2 (mod 3). Thus 
S'j 2 (C 3 i 9 ) has no non-zero terms of the form 
For J3, we use (12.3|) to see that 

(1 + C3)(l - C3)(l - Cs"') (9^ 9 ')^ ^J3(C3, 9 ) 

_ (1 - CsKl - Cr^)C3“^ (-l)^^^9^^ (9^”^ - 9 ^ - 9^^”^ + 9^^ + 9'^^"^ - - q^^~^ + 9®^”^) 

(1-9^'-")(1-9^') ■ 

Thus the non-zero terms occur only when j = 2 (mod 3), but one finds that {q^~^ — 9^ ~ +q^^ + 

q^^~^ — g47“i — qfo“3 _|_ q^j-'^'^ only contributes terms of the form and g^n+i j = 2 (mod 3). Thus 
Sj 3 {( 3 , q) has no non-zero terms of the form 


8. Concluding Remarks 


We could also prove dissection identities for S'j 2 (C 3 , 9 ) and Sj 3 {( 3 ,q) in the same way we proved the 
dissections for 5 'g4 (C5 i9 ) and <5 'ag 4(C5)9)- It would require defining functions similar to Vi, Ui, T, and h 
and finding the appropriate identities. Whereas So 4 {z, q) and 5 'ag4 ('7; 9 ) use functions and formulas similar 
to those used for the crank, Sj 2 {z,q) and Sj 3 (z,q) would use functions and formulas similar to those used 
for the rank. We save this for another time. 

We might think to try the methods of this paper with the following Bailey pairs relative to (1, 


= 


1 


dG* 


iq,q^;q^)n 

.-A —2n 


q" 


( 9 ^ 9 ")„( 9 ; 9 ^)„’ 




(9^9^)„(9;9^) 


21 ’ 


a. 


FI 


a 


G* 

n 




1 if n = 0 

g2""-"(l-p iin>l ’ 

1 if n = 0 

(_l)"("-l)/2gn("-3)/2(;[^ + (-1) V") if n > 1 

1 

(_l)"("+l)/2gn(n-l)/2('2^ _|_ 
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if n = 0 
if n > 1 














These Bailey pairs are F{1) and the first two Bailey pairs a listed on page 470 of [55]. We would then define 
the following series. 


SFi{z,q) = 


SG*{z,q) = 


SG**{z,q) = 






E 


/ ^-1. ^2noFl _ 

Z , O' j ^ ^ Pn 






^oo ^^1 

(9;'?')oc 


{z,z-\q^) 


E 

oo n=l 




{q,q^-,q^)r 


iz,Z-^-q‘^)^ 

( 9 ^ 9^)0. (9; 9 ^). 

(^,^-^ 9^)00 


E 

n=l 


—1 2\ 2n qG* _ 

(^Z, Z ^ Q ) Hri 


(9^9^)^ ( 9 ; <7^). 


n—1 


{z,z-\q^)y-pt = 


{z,z 

{q^q^) 


-'• 9^)00 

( 9 ;9^), 


{z.Z-^-q^)^ 


00 

■E 

n—1 

00 

■E 

n—1 


{z,z 


). 


(9^'?'‘)„('7;g^)r 




^n^+2n 


{q^\q'^)ni9;q^)r 


At first it appears that these series may explain congruences for other new spt functions, however, they are 
old functions in disguise. In particular one finds that SG*iz,—q) = SAGA{z,q) and Sg**{z, —q) = SGA{z,q). 
Similarly Sfi{z, —q) = S2{z, q), where S2(z, q) is a two variable generalization for the M2spt function studied 

in [13]. 

While this paper gives the last of the spt-crank-type functions for Bailey pairs from [55] and [57], with 
such simple linear congruences, we should expect there to be many more interesting spt-crank-type functions. 
There are plenty of other Bailey pairs from other sources that may lead to new functions. Also we have not 
used all the Bailey pairs from [5^ and Ez], we have only used those that have simple congruences. So far 
all Bailey pairs have been relative to {a,q) with a = 1, but a slight change in the form of the spt-crank- 
type functions may allow for many useful functions coming from other values of a. In a coming paper, we 
investigate Bailey pairs arising from variations of Bailey’s Lemma and conjugate Bailey pairs. 

The functions studied here and in [15] and m may have additional properties worth studying. While 
the n) were given a combinatorial interpretation in m (in particular they are non-negative), work 

on the other Mxirn.n) still needs to be done. Additionally, the original spt functions for partitions and 
overpartitions are known to be related to mock modular forms and harmonic Maass forms. Any of the other 
spt functions that can be expressed in terms of known rank fnnctions and infinite products will also lead to 
harmonic Maass forms, so these functions can be studied from that aspect as well. 
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